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Abstract—It is a well-known fact that mathematics and music 

have many connections. In this paper we discuss some of the 
different ways that one can write music using mathematics. We 
also test two of these methods as well as a new one created from 
them to see if they create enjoyable music.  We use logistic 
regression to test the songs and compare them to two published 
songs. It turns out that there is evidence to support the claim that 
these methods do create enjoyable music. 
 

Key Words—Mathematics and music, logistic regression, 
stochastic transformations.  

I. INTRODUCTION 
ATHEMATICS and music are two professional fields that 
have a lot in common. Many people know that patterns 

are the big connection between the two, however they do not 
realize that mathematics can actually be used to write music. 
This can be done in many ways. The primary methods 
discussed in this paper will be stochastic transformations. 
Composers have been writing music using stochastic 
transformations for years, sometimes without even realizing it. 
Since I enjoy both mathematics and music I am hoping to find 
ways that an educator can use both of them in the classroom. 
 This paper will discuss a general background of the 
connections between mathematics and music, followed by 
different ways that mathematics can be used to write music. 
Both of these topics will be discussed in section II.  In section 
III the study that I performed will be presented along with a 
model used to analyze the data.  Section IV presents the 
results and analysis of the study.  Finally, section V will 
discuss the conclusions made from this study along with 
recommendations for future work and connections to the 
realm of education. 

II. MATHEMATICS RELATIONSHIPS IN MUSIC 

A. Background 
Before one can fully understand the methods of writing 

music using mathematics, there are a few details that should 
be covered, the first of these is pitch. Pitch is the pattern of air 
pressure movements created from the sounds waves. We can 
see two examples of these patterns in Figure 1. Figure 1a 

 
 

shows the pattern created by a clarinet, whereas Figure 1b 
shows the pattern created by the white noise of a television 
set. It is easy to see from these figures that the clarinet makes 
a repeating pattern, whereas the white noise has a more 
stochastic pattern [1]. 

Pitch is commonly referred to as frequency and is measured 
in Hertz, abbreviated Hz. A Hertz is determined by the inverse 
of the time in seconds, or 1/s for the pattern to repeat. As 
humans, we can hear a range of frequencies from 20-20,000 
Hz. We have very sensitive ears and can hear a wide range of 
frequencies [1]. 

In order to move from one frequency to another, one must 
move semitones. The number of semitones is directly related 
to the number of keys on a piano that one must move to get to 
another note. That number of keys is the number of semitones. 
Figure 2 shows the correspondence between semitones and the 
keys on a piano. The ratios of the frequencies of notes give 
harmonics. We refer to some of the common ratios as 
intervals. For example, a third, a fourth, and an octave are all 
ratios of frequencies. Table I shows some different intervals, 
their corresponding frequency ratios, and the number of 
semitones need to be moved in order to move that interval [2]. 
Any combination of these intervals can be used. However, not 
every combination will work the way it is expected to. For 
example, if we start with an original frequency f, and go up a 
fourth to (4/3) f, then go up another sixth to (4/3)(5/3) f, or 
(20/9) f, we have then moved a total of fourteen semitones. 
However, if we start at the same original frequency f, and go 
up a fifth to (3/2) f, then go up another fifth to (3/2)(3/2) f, or 
(9/4) f, then we again have moved a total of fourteen 
semitones, however, the final frequencies are not the same, 
(20/9)≠(9/4), thus the two notes would be different, even 
though the number of semitones moved was the same. 
Situations like this necessitate the practice of tuning. When 
musicians tune an instrument they are manipulating the 
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TABLE I 
FREQUENCY INTERVALS 

Interval Frequency Semitones 

Third 5/4 4 
Fourth 4/3 5 

Fifth 3/2 7 
Sixth 5/3 9 

Octave 2/1 12 
The relationship between common ratios, frequencies and semitones used 
in music.  
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frequencies to match whatever intervals they are going to be 
using.  That way they make sure we hear them correctly [2].  

B. Mathematics Making Music 
There are many ways to use mathematics to make music. 

Three ways to write music using mathematics are geometry, 
transformations, and stochastic methods. One can even mix 
them to come up with new ways of composing music. 

1) Geometry 
Geometry can be used to write music by transposing a 

picture into a piece of music. When utilizing this technique 
one will arbitrarily choose a starting place: if we look at 
Figure 3, the starting place is at point A. One would would 
arbitrarily choose a starting note. Once the starting places 
have been chosen, the length of a segment is the length of the 
note. In Figure 3, the length of the segment is AB, that is the 
length of the note. The height of the segment is then used as 
the pitch of the note. In Figure 3, one would need to draw a 
right triangle, ABC to determine the height of the note [2]. 

2) Transformations 
There are many different types of transformations that can 

be used in writing music. The three that I explored were 
transposition, retrograde, and inversion.  

Transposition is when one shifts the musical pattern. This is 
a shift to reach a higher or lower pitch. It is done by moving 
either up or down semitones. The notation for transpositions is 
Tn where n represents the number of semitones to be moved. 
Usually, when discussing transpositions, one only discusses 
the transpositions T0 through T11. This is because 
transpositions work similarly to a clock. A clock is cyclical. It 
will go through twelve hours and then repeat the same hours 
again. The same can be said about transpositions; one will go 
through an octave, then repeat the same notes again. That is 
why we only deal with T0 through T11, because then we reach 
the next octave and everything will just repeat. In Figure 4a 
we can see a transposition up three from the first measure to 
the second measure. When we combine transpositons it 

works as we would expect it to. If we transpose a measure up 
three and then again up two it is the same as transposing the 
original measure up five. In other words, Tm + Tn = Tm+n, as 
shown in Figure 5a [2]. 

Retrograde is a transformation where you reverse the order 
of the notes.  Essentially, it is playing the music backwards. 
The notation for retrograde is R. Figure 4b shows the 
retrograde of a measure. Again, when we combine retrogrades 
it works as we would expect it to mathematically. If you 
retrograde a measure and then retrograde it again, then you 
then get back the original measure. Similarily, if you 
retrograde and then transpose a measure, you get the same 
thing as if you transposed it and then did a retrograde. In other 
words, RTn = TnR, as shown in Figure 5b [2]. 

The final transformation that I looked at was the inversion. 
Inversion is a transformation where you flip the measure up or 
down. It is similar to retrograde in that you are flipping a 
measure, but instead of flipping it left to right, you are 
flipping it top to bottom. The notation for inversion is I. In 
this case, the center line in the measure is where the inversion 
takes place, but the inversion line can be anywhere on the 
measure. If a note is one line above the center, then when it is 
inverted it moves to one line below the center. Figure 4c 
shows what an inversion of a measure would look like. When 
we combine inversions it basically works the way we would 
expect it to mathematically, with one exception. If we invert a 
measure and then we invert it again we end up with the 
original measure, as expected, II=To. When we invert a 
measure and then do a retrograde, it is the same as doing the 
retrograde first and then inverting. However, if we transpose a 
measure and then invert it, we do not get the same thing as if 
we invert it and then transpose it. So, IR=RI, but ITn≠TnI, 

  

a

b

 
Figure 1. Frequency of pitch for clarinet (a) and white noise (b). 

 

 
Figure 3.  Illustration of a snowflake as an example of how one can take a 
picture and generate music from it. 
  

 

 
Figure 2. Semitones relationship to the keys of a piano 
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as shown in Figures 5c and 5d respectively [2]. 
Combinations of these transformations have similar 

properties as many mathematical operations, with a few  
exceptions. They are closed under addition and multiplication. 
They have both multiplicative and additive identities. The 
only problem is associativity and that comes from the 
inversion. If an inversion is combined with a transposition 
then it is not associative [2]. 

All of these transformations are part of the twelve tone 
compositional technique. Basically, with the twelve tone 
compositional technique, composers will limit themselves to 
the use of just these transformations to compose a piece of 
music. This technique has been used by many composers such 
as Milton Babbit.  However, it is not always done on purpose. 
There have been many composers that did not know they were 
using these transformations when they were writing their 
music, but analysis of their work now has shown that they did 
in fact use these transformations. This shows us that these 
transformations are great ways to write music because they are 
pleasing to our ear [2]. 

3) Random Combinations 
Using chance and probability to create music were popular 

techniques in the eighteenth and twentieth centuries. Two 
noted ways of doing this include using dice or a deck of cards. 

With the dice roll technique, a composer writes several 
measures of music and numbers them. Then the composer will 
roll the die, and whatever number it lands on is the measure to 
be played. They continue this process until they have re-
ordered all the measures and created a piece of music. 
Composer Johann Philipp Kirnberger was the first composer 
to use this technique in 1757 when he wrote The Ever-Ready 
Composer of Minuets and Polonaises. This piece of music 
jump-started the popularity of rolling dice to create music [3]. 

The deck of cards method was more popular in the 
twentieth century, although, there were many composers that 
thought this method was too random. To use this method a 
composer would arbitrarily assign a note to each card in the 
deck. Then they would shuffle the deck and begin picking out 
cards. Whatever card is picked out gives the note that is 
played. The composer would continue picking out cards until 
satisfied with the length of the piece. In the mid 1950s two 
composers, Lejaren Hiller and Leonard Isaacson, used this 
technique to create the Illiac Suite. They were criticized 
because as mentioned before many composers thought this 
method was too random and chaotic [3]. 

I find all of these transformations very interesting.  So I 

wanted to test them out myself and see if they actually 
produced something appealing or not appealing. Thus I set out 
to conduct the following study. 

III. STUDY DESIGN 

A. Transformations and Stochastic Transformations 
To carry out a study, I decided to combine the 

transformations and the dice rolling technique. I assigned 
transformations to each number on a six-sided die, where 1 
represented a retrograde, 2 represented an inversion, 3 
represented a transposition down three semitones, 4 
represented a transposition up three semitones, 5 represented a 
retrograde followed by a transposition up three semitones, and 
6 represented a retrograde followed by an inversion.  I chose 
these transformations because I wanted to stay in the same 
octave and these transformations would ideally allow me to do 
so. Next, I began with a measure that was taken out of the 
control songs for the study and then I rolled the die twenty 
four times to make a piece of music. I did this twice and 
created two complete songs. 

Using all of these transformations I wanted to determine 
many things. First, I wanted to see whether the transformation 
used made a significant difference in whether or not the song 
was appealing. Next, I wanted to see whether the starting song 
made a difference in the appeal of the new song. These two 
questions yielded many more questions about each set of 
songs created from the original songs and comparisons of the 
transformations. The study was designed to answer all of these 
questions. 

 

                 
                          a                                                             b 

                             
                                            c  
  
Figure 4. Illustration of transformations, transposition (a), retrograde (b), 
and inversion (c), with original measures and then transformed measure. 

 
 
Figure 5. Commutative property of the transformations, (a) transposition 
and transposition, (b) retrograde and transposition, (c) retrograde and 
inversion, and (d) inversion and transposition. 
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B. The Six Songs 
With the transformations discussed above, I created four 

songs from the two original songs. The original songs were 
two simple songs taken from a beginning piano lesson book 
[4]. They are each twenty-four measures long and have similar 
composition in terms of notes and structure. One of the songs 
was one that would be familiar to listeners, whereas the other 
would be less familiar. The less familiar song is Rock Group, 
written by James Bastien, and the familiar song is Ode to Joy, 
written by Ludwig Van Beethoven. For future reference Ode 
to Joy will be referred to as song 1 and Rock Group will be 
song 2. All of the other songs were created from these two 
original songs. 

The second two songs were created using the combination 
of the transformations and the stochastic method. I began with 
a measure from one of the original songs.  Then I rolled the 
die twenty-four times to create the new song. I rolled the die 
twenty-four times because I wanted to keep as many variables 
the same between all the songs, so I kept them the same 
length. Then I took a measure from the other original song and 
did the same thing. This gave me two new transformed songs 
that were created from the original two songs using the 
transformations. 

The final two songs were created solely by using the dice 
technique. I took both original songs and numbered their 
measures. Then I used a pseudo random number generator 
from the R statistical computing environment [5] to give me 
the numbers one to twenty-four in a random order, some 
measures repeated if they occurred more than once in the 
number generation. I did this twice to give me two new re-
ordered songs, one from each of the original songs. 

Participants in this study were given a sheet that had all six 
songs listed on it and a rating scale from one to three. One was 
the lowest and meant the participant did not like the song, two 
meant indifference, and three was the highest and meant that 
the song was enjoyed. When the participants, i.e. Ripon 
College Students, listened to the songs, they first heard the 
transformation songs, then they heard the re-ordered songs, 
and finally they heard the original songs. They were played in 
this order to try and eliminate the possibility that after the 
participants heard the song they were familiar with they gave 
every other song a low rating.  

C. Sample Size Determination 
Determining the number of necessary participants per song, 

nj, was the first part of the process of designing the study. 
Since I couldn’t eliminate the possibility that the new song 
would perform better than the original, or that the original 
would do better than a new song, I used a two-sided test. 
Since the test was to be two-sided, I split the significance level 
evenly on both sides. For this study I chose a standard 
significance level, α = 0.05 so α/2 = 0.025 in the calculations. 
We then find the (1-α/2)th quartile of the standard normal 
distribution. In order to compare this to a normal distribution I 
need to determine the Z score where our significance level, 
α/2, occurs. Again, I used the R program to calculate the Z 

score and found that Zα/2 = 1.96 [6].  
Next we needed to determine the power, or the ability of the 

statistical procedure to be able to detect a true difference.  
Then the probability of a Type II error,β, is found via the 
relationship β = 1-power. Again I used a standard power of 
0.8, making β = 0.2. Then I needed the Z score of 0.2, so I 
used the R program and determined that Zβ = 0.84162.  

While the scale used allowed the possibility of a test of the 
means for each song, I chose not to do this for two reasons. 
First, the reliability of the scale has not been previously 
studied, though one could use the data collected here to start 
to assess the psychometric properties of the measure. A 
second related issue was in the interpretability of the mean 
score of this scale, whereas choosing to measure the 
proportion of students that said they liked the song (i.e. 
designated a rating of 3) lent itself to a rather intuitive 
interpretation. Since I transformed the data into a binary 
outcome, the final piece that I needed to determine before I 
could calculate the number of participants recommended was 
the percentage of people I thought would like the original 
songs, po, and then what difference in percentage I would find 
meaningful for the transformed songs, pt. I determined that po 

= 0.7, or seventy percent, and pt = 0.55 or fifty-five percent. 
Then I needed to determine the average p from po and pt, or p 
= (po + pt)/2.  I found p = 0.625. At this point I was able to 
determine the number of participants recommended by 
entering in the values discussed above into equation 

 
2

/ 2
2

4( ) (1 )
2
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o t

Z Z p p
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p p
α β+ −

=
−

. (1) 

 
 The number of recommended participants per song, ni, was 

determined to be 163 with this formula [6]. 

D. The Model 
While the sample size calculation was based on the 

comparison of two songs, one can achieve more power using a 
more sophisticated model. I knew that using standard linear 
regression would not work because it could yield a predicted 
probability p either greater than one or less than zero.  Given 
we are working with a predicted probability, we require a 
model in which the predicted values fall between zero and 
one. Linear regression also would not work because it 
assumes that the variance is constant, but probabilities are 
generally modeled with a binomial distribution. Moreover, the 
variance of a binomial random variable is not constant, but is 
dependent on the predicted value of probability p, thus 
violating the constant variance assumption of ordinary linear 
regression [7]. 

I could not use the linear regression model because the 
outcome variable implies a binomial distribution; therefore I 
determined I needed a Logistic Linear Regression model. This 
model attempts to fit the logit of the probability, pi, of the ith 
song receiving a score of 3, as a linear combination of 
predictors.  The model is given as  
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1 1 2 2logit( ) log( /(1 )) ... .i i i o i i k ki ip p p x x xβ β β β η= − = + + + + =  (2) 
 
for i=1,…,6, and where the β’s are the unknown coefficients 
and xji is the ith song’s value of the jth predictor variable [7]. 

In order to use the logit function the vector of coefficients β 
needs to be determined. To estimate the coefficients, or 
parameters, one can use the likelihood function,  
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With a little algebra we can manipulate the log of (3) into, 
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Using Newton’s method, we can maximize (4) with respect 

to the β’s to determine the coefficient values. When asking 
questions about the data, one can simply compare two fitted 
models, the full model and the reduced model. Let L(βF) be 
the maximum value of the likelihood function of the full 
model and L(βR) be the equivalent maximum of the reduced 
model. Each model will just contain the coefficients needed to 
answer the question at hand. In these models, βF and βR are 
the vectors of all the coefficients of each model [7]. 

Once both models are maximized and the coefficients are 
determined, the deviance of each model is then given by  
-2log(L(β)). Assuming independence of the observations, one 
can compare a full and reduced model via the statistic 

 
( ) ( )( )2log R FX L L= − −β β  (5) 

 
which would follow a χ2 distribution. Both of the graphs of 
the log likelihood functions are roughly bell shaped; the 
statistic in equation (5) is -2 times the difference between the 
maximum peaks on each curve. However, given each 
participant ranked all six songs, we expect positive correlation 
between observations from the same subject. While the 
variance of a binomial variate is given by nipi(1-pi), to take 
into account the correlation of the same individual scoring all 
six songs, I modeled an over dispersion parameter ϕ such that 
the variance was modeled as ϕ×nipi(1-pi). We then adjust the 
statistic given in equation (5) by first dividing by ∆df, the 
difference in the number of parameters in the full and reduced 
models, and then dividing this quotient by the over dispersion 
parameter of the full model.  Our new statistic is then 
 

( )/ /obsF X df ϕ= Δ , (6)                  (6) 

 
and follows a Fisher’s F distribution with numerator degrees 
of freedom ∆df, and denominator degrees of freedom equal 
to qN − , where N=6ni=642 and q is the number of full model 
parameters [7]. 

 With the full model fit, we obtain an estimate of the over 
dispersion parameter via 
 

))ˆ1(ˆ/()ˆ()(
1

21∑
=

− −−−=
N

i
iiiiii ppnpnyqNϕ  (7) 

where ip̂  is the predicted probability from the model fit.  
 

E. Applying the Model 
Given my experimental design, I determined my full 

unconstrained model to be 
 
( ) iiioii TransOrdersongpp 3211)1/(log ββββ +++=−  (8)    

 
while a subset model is given by  

 
( ) 1 1log /(1 )i i o ip p songβ β− = +   (9)    

 
A comparison of the models in (8) and (9) would test the 

hypothesis that there is a difference in the transformations 
after adjusting for the possible effect of the song. When 
implementing the model, first one needs to maximize the full 
and reduced models, calculate the deviance, and then compare 
the results via our F statistic. All of this will help determine a 
p-value via 

 
)( obsFFPvaluep >=−  (10) 

 
This p-value should be smaller than the significance level in 

order for it to be of significant meaning to us, the smaller the 
p-value the more significant the finding [7]. 

IV. RESULTS AND ANALYSIS 
Table II shows the breakdown of the number of ratings 

each song received in the study. There were 107 participants 
in the study. Table III shows the results for every hypothesis.  

The first question that I asked was “Does the transformation 
matter?” To answer this question I needed to make sure that I 
accounted for the difference that each song would make. I 
know that the opinions of each song that the participants had 
might depend on the original song that it came from. 
Therefore in the full, (8), and reduced, (9), models that I used 
accounted for this difference by leaving the song and the 

TABLE II 
SCORES FOR EACH SONG 

Song Song Type 
 

Number of 
1s 

 
Number of 

2s 
Number of 

3s 

Song 1 Trans (1) 23 56 28 
Song 2 Trans (2) 32 34 41 

Song 3 Order (1) 22 31 54 
Song 4 Order (2) 68 33 6 
Song 5 Original (2) 36 48 23 
Song 6 Original (1) 6 17 84 

Results of the 107 participants ratings of the six songs. Songs are displayed 
in the order in which participants heard the songs. 
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corresponding coefficient in the model.  When I applied the 
linear logistic regression to these full and reduced models it 
was apparent that the transformation did make a difference 
(F=13.556, p<0.001). 

The next question that I investigated was “Does the song 
matter?” Again, I needed to account for the transformation 
effect, so that was still in the full and reduced models, only in 
this case the reduced model contained just the transformation 
effects and not the song effect. When I applied the regression 
this time, it again was apparent that the song does make a 
difference (F=64.834, p<0.001). 

The third question that I asked was “Within song one, does 
the transformation matter?” This is really just looking at all 
the data from the songs created from song 1 and determining 
if the transformation mattered. When I did the regression on 
models, I found that within the songs created from song 1 the 
transformation did make a difference (F=30.668, p<0.001).  
Similar results were found within song 2 (F=18.156, 
p<0.001).  

Next, I wanted to do pair-wise comparisons between the 
three classes of songs, the original, the order, and the 
transformations. The first groups that I compared were the 
transformation vs. original songs. After I analyzed the data I 
could conclude that there is a significant difference between 
the transformation and the original songs (F=14.318 p<0.001). 
The original vs. the re-order songs were significantly different 
(F=30.960, p<0.001), however, the transformation vs. re-order 
contrast was non-significant (F=0.9338, p=0.334).  

The calculation that I did of the number of participants that 
I needed told me that I needed 163 participants in each group. 
I only had 107 participants total, with nowhere near 163 in 
each group. It turns out that I did not need that many 
participants because I had significant p-values in all of my 
comparisons except one. This means that I did not need that 
many participants because there was such a big difference 
between everything that I compared. 

Another way of determining if the techniques used to create 
these songs really did make songs that were enjoyable is to 
simply compare the number of threes that each song received. 
Table II shows that for song 1 the original song had many 
more threes than either transformation, which is expected 

since song 1 was the familiar song. Table II also shows that 
for song 2 the transformation song received more threes than 
the original. This would suggest that in some cases these 
transformation techniques do, in fact, generate enjoyable 
songs depending on the original song that it came from. 

V. CONCLUSIONS 
From this study we can conclude that there is a significant 

difference between the song used to create new songs and the 
transformations used to create songs. Also, we can conclude 
that in some cases these transformations did generate songs 
that were pleasing to the listeners.  

If I were to continue with this work I would like to create 
more songs using different transformations. I would also like 
to have a larger sample size. Ideally, I would like to be able to 
take each participant individually and randomly play the songs 
for each one. That way they do not get bored listening to the 
same type of song, potentially prompting them to give the 
later songs lower ratings. In this situation each song would 
have the same chance of getting higher ratings. 

Another possible change to this study would be changing 
the endings of each of the songs.  Many of the songs created 
in this study ended abruptly.  I could manipulate each song to 
make sure that they all had a solid ending that was not as 
abrupt.  It would be interesting to see if this made a difference 
in the appeal of the songs. 

There are many ways that I can use these findings in the 
classroom when I become a teacher. The transformations 
themselves can be used to help teach addition, subtraction, 
and fractions. Incorporating music into mathematics class will 
hopefully help students make the connections between the 
two. Another way these transformations can be used would be 
as examples to demonstrate the commutative property. Also, 
some students who do not enjoy mathematics might become 
more interested if they are learning mathematics through 
music.  

Another way that this can be used in the classroom is to 
create study techniques. As a teacher I can use these 
transformations to write songs and then add words to the 
songs to help the student remember tricky concepts in class. 
Again, hopefully more students will be actively participating 

TABLE III 
RESULTS  

Hypothesis Full Model 
Deviance 

 
Reduced Model 

Deviance 

 
Δdf df of error 

(full model) 

full model 
over dispersion 

ϕ 

 
Fobs 

 
p-value 

Does transformation matter? 
(after accounting for song) 

753.75 781.32 2 638 1.016874 13.556 1.715 x 10-6 

Does song matter? 
(after accounting for transformation) 

753.75 819.68 1 638 1.016874 64.834 4.001 x 10-15 

Within song 1, does transformation matter? 382.71 444.62 2 318 1.009435 30.668 6.623 x 10-13 

Within song 2, does transformation matter? 300.04 336.70 2 318 1.009447 18.156 3.146 x 10-8 

Transformation vs. Original 542.50 557.31 1 425 1.034580 14.318 1.766 x 10-4 

Original vs. Order 417.50 448.25 1 425 0.9930354 30.960 4.67 x 10-8 

Transformation vs. Order 509.26 510.19 1 425 0.9948064 0.9338 0.3344 

Results displayed are the full and reduced model statistics fitted to the scores from the 107 subjects.  In each case, a likelihood-ratio F test using an estimate of the 
dispersion parameter from the full model fit was used.  For the within song hypotheses, only the subset of the data including the specified song was used in the 
analysis. 
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in class if we add music into the mix since music is something 
that everyone enjoys in one way or another. By using music 
and mathematics in the same classroom you can marry the two 
most universal languages and hopefully help more students 
understand both subjects. 
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Abstract-Encryption is used to protect information from those 
who are unauthorized to access it. In this paper I will discuss 
several encryption techniques, along with their strengths and 
weaknesses. Using letter frequency, I will show that decrypting a 
monoalphabetic substitution cipher is relatively easy. This 
reemphasizes the point that businesses need to be concerned with 
the implementation of encryption to provide their business data 
with the highest level of safety and security.  
 

Key Words—Encryption, decryption, frequency analysis, 
monoalphabetic substitution cipher 

I. INTRODUCTION 
NCRYPTION is the process of transforming information and 
making it unreadable to anyone except those possessing 

special knowledge or a key [9]. Plaintext, ciphertext, and 
decryption are three terms often used when discussing 
encryption. Plaintext is the pre-transformed information. This 
text is the original information that makes sense to the reader. 
Ciphertext on the other hand is the transformed information 
that is unreadable to anyone unauthorized or not possessing 
special knowledge. Decryption refers to making ciphertext 
readable again.   
 The goal of encryption is to increase the integrity and 
security of information during transmissions. This information 
can be vitally important to a business and their customers and 
employees. Examples of vital information are social security 
numbers, financial records, and employee id numbers.   
 Data encryption is used in many business applications to 
protect personal information against people who do not have 
authorized access to the information. These people are known 
as hackers. Encryption protects the security of transmissions 
of data across multiple office locations. If a hacker grabs a 
copy of an encrypted file, it will be unreadable. If multiple 
employees are using the same computer system encryption 
also hides files so that only one person has physical access to 
their own authorized information [8]. 
 There are many encryption techniques. In this paper I will 
describe several techniques including Caesar ciphers, 
monoalphabetic substitution ciphers, polyalphabetic 
substitution ciphers, and public key. I will also discuss the 
reliability and the drawbacks of encryption and what a 
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business should be concerned with when dealing with the 
implementation of encryption. Following this, I will also 
describe how to decrypt monoalphabetic substitution ciphers 
using letter frequency. Finally, I will show how one could 
break a monoalphabetic substitution cipher using letter 
frequency.   

II. ENCRYPTION TECHNIQUES 
There are many different encryption techniques used to 

transform information. Four common encryption techniques 
include the Caesar cipher, the monoalphabetic substitution 
cipher, the polyalphabetic substitution cipher, and the public 
key. All four of these methods are still used today, however, 
public key is the most frequent encryption used to protect 
critical information because it is the securest form of 
encryption.  The other methods are simplistic methods and can 
be easily broken.  I will discuss how a method called letter 
frequency can be used to decrypt a simple substitution cipher.   
 

A. Caesar Cipher 
The Caesar Cipher was one of the earliest encryption 

techniques and is an example of a substitution cipher. A 
substitution cipher is a technique in which each plaintext letter 
is substituted by a ciphertext letter. This cipher is named after 
Julius Caesar who used it to communicate with his generals 
during war. In a Caesar Cipher each plaintext letter is 
substituted by a letter a fixed number of letters down in the 
alphabet. Figure 1 shows an example of a Caesar Cipher with 
a shift of three letters. The top row is the plaintext and the 
bottom row is the ciphertext. This example shows a shift of 3.  
An ‘A’ in the plaintext is replaced by ‘D’ in the ciphertext. 
We can see that “ADAM” in the plaintext is “DGDP” in the 
ciphertext because ‘A’s are replaced by ‘D’s, ‘D’ is replaced 
by ‘G’, and ‘M’ is replaced by ‘P’. 

Since there are only 26 possible shifts when using a Caesar 
Cipher it makes this technique vulnerable to breaking. There 
are only 26 different ciphertext alphabets that can be used in 
this encryption. Therefore, hackers would only have to try 26 
different shifts to find the alphabet that decrypts the ciphertext 
if they knew a Caesar cipher was being used.  The Caesar 
cipher thus is not used as a current method of encryption but 
can still found in children’s toys such as secret decoder rings. 
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B. Monoalphabetic Substitution Cipher 
A monoalphabetic substitution cipher is different from the 

Caesar Cipher in that each letter in the plaintext is replaced by 
a letter in the ciphertext, but does not require a shift. The 
cipher letters can be randomly assigned. It is unknown who 
developed this cipher and when it was developed. However, 
we can guess around the time the Caesar cipher was 
developed and used because of their similarities.  Figure 2 
shows an example of a monoalphabetic substitution cipher. 
The top line is the plaintext while the bottom line is the 
ciphertext. In this example, ‘A’ in the plaintext is replaced by 
the ‘J’ in the ciphertext. If we encrypt the word “HELLO” we 
get “ZWDDC”, because ‘Z’ replaces ‘H’, ‘W’ replaces ‘E’, 
‘D’ replaces the ‘L’s, and ‘C’ replaces ‘O’. 

Clearly the monoalphabetic technique is more secure than 
the Caesar Cipher because there are 26! possible keys. 
Twenty-six different letters can represent the first letter, 25 
letters can then represent the second letter, 24 letters can then 
represent the third letter, and so on. Therefore we see that 
there are  

 
26 * 25 * 24 * 23 * … * 2 *1 = 26! =4.03E26 

 
possible keys, making the monoalphabetic cipher less 
susceptible to breaking.    

C. Letter Frequency 
A decryption technique, called letter frequency, was later 

developed to break monalphabetic substitution ciphers. To 
apply the letter frequency technique one needs to know the 
frequency of letters found in whatever language the sender of 
the message is using. For example, if one were analyzing 
Spanish text it would be helpful to know the most common 
letters, digrams, and trigrams used in the language. These 
common letters can then be used to break a monoalphabetic 
substitution cipher based on the occurrence of letters in the 
ciphertext. Then a systematic method should be developed to 
switch the most common single letters, digrams, and 

trigrams in the ciphertext with a decryption letter. As a result 
of this decryption technique monoalphabetic substitution 
ciphers became vulnerable to breaking [11]. 

D. Polyalphabetic Substitution Cipher 
Polyalphabetic substitution ciphers were developed in 

response to the vulnerability of monoalphabetic substitution 
ciphers. The first known polyalphabetic cipher was invented 
by Leon Battista Alberti around 1467 [9]. 

A polyalphabetic cipher is a cipher based on substitution 
using multiple substitution alphabets. This cipher is unlike the 
Caesar cipher and the monoalphabetic substitution cipher we 
saw earlier that used a one-to-one relationship. The 
polyalphabetic cipher uses a one-to-many relationship 
meaning that a letter in the plaintext can be substituted using 
different cipher letters each time the letter occurs in the 
plaintext. To get a better understanding we will look at Blaise 
de Vigenere’s square which was developed in 1585. He used a 
progressive key cipher meaning each alphabet is shifted one 
letter to the left from the one above it. Using this square one 
can then switch alphabets for each letter of the message.  
Figure 3 shows the Vigenere cipher. Using the progressive 
alphabet the word “FOLLOW” can be encrypted as 
“FPNOSB” using the first alphabet to encrypt the first letter 
‘F’ as ‘F’, the second alphabet to encrypt the second letter ‘O’ 
as ‘P’, the third letter ‘L’ as ‘N’, the forth letter ‘L’ as ‘O’, the 
fifth letter ‘O’ as ‘S’, and the sixth letter ‘W’ as ‘B’. As one 
will notice the plaintext ‘L’ letter is represented by two 
different cipher text letters ‘N’ and ‘O’. This is the same case 
with the plaintext letters ‘O’ that are represented by both ‘P’ 
and ‘S’. Clearly this technique of encryption is much stronger 
than monoalphabetic encryption because each letter in the 
plaintext can be represented by many different cipher letters 
[13].  

 
Figure 3.  Illustration how the polyalphabetic substitution cipher was used to 
encrypt the word “FOLLOW” [18]. 

Plaintext: abcdefghijklmnopqrstuvwxyz 

Ciphertext: jixowhvzmqudtbcpynsaelgfkr 

 
Figure 2.  Plaintext and Ciphertext used for encryption for the 
monalphabetic substitution cipher. 
  

 
 
Figure 1.  Illustration of a Caesar Cipher with a Caesar shift of three [17].

9



 

 

Heckl – Data Encryption 

 

E. Public Key 
Public key encryption is unlike any techniques discussed 

thus far because it uses asymmetric keys instead of symmetric 
keys. Public key was invented in 1976 by two Stanford 
mathematicians, Whitfield Diffie and Martin Hellman.  In 
public key encryption each person has two keys; a private key 
and a public key. The public key anyone can use and the 
private key is protected by the owner. Both the public or 
private key can be used to encrypt a message and the other 
key not used can be used to decrypt the message. In figure 4 
and figure 4, Alice and Bob are used to show how public key 
can be used. In figure 4 if Alice sends Bob a message 
encrypted using Bob’s public key the message can only be 
opened using Bob’s private key. Hence, Bob is the only one 
that can open it because it is protected by himself. In figure 5 
if Alice sends Bob a message encrypted using Alice’s private 
key then anyone can open it. This is because everyone has 
access to Alice’s public key. Therefore, if the message is 
decrypted using Alice’s public key by Bob or whomever else 
they can verify that the message came from Alice. This is a 
form of digital signature, an electronic form of signature [23]. 

RSA was the first widely used public key cryptosystem.  
RSA was developed in 1977 by three M.I.T. professors Ron 
Rivest, Adi Shamir, and Leonard Adleman.  RSA is based on 
mathematical properties of modular arithmetic.  In modulo 
arithmetic integers can be no larger or equal to the modulus 
integer.  For example, mod 10 means that no integers can be 
greater than 9.  When a modulo number reaches its limit it 
loops back to zero.  For example, with a modulus of 10, 8 mod 
10 = 8 and 10 mod 10 = 0, however 12 mod 10 = 2. 

RSA utilizes modulo fields related to exponentiation and the 
Euler totient function and prime numbers.  One can show that 
every modulo field with modulus m has an Euler totient, 
denoted mη such that  

 
mod 1mx mη = . (1) 

 
It turns out that if one chooses m to be the product of two 
prime numbers p and q, then  
 

( 1)( 1).m p qη = − −  (2) 
 
Now if we have equation 1, then we also know that  
 

1 modmx m xη + =  (3) 
 
Now if we can factor 1mη + , then into say k and l, then we can 
publish one of these factors in a public key and the other 
factor in our private key.  To encrypt any number n less than 
m, we simply transform the value n into nT via 
 

mod .k
Tn n m=  (4) 

 

This is probably best demonstrated with an example. Let’s 
start with the two prime numbers p=3 and q=17.  Then our 
modulus m is 51.  In this case the Euler totient is 
(3 1)(17 1) 32− − = .  Plus one yields our modulus identity 
exponent of 33 which can be factored into k=3 and l=11.  
Thus our public key will contain the modulus of 51, and the 
public exponent k=3.  Say we want to encrypt the number 8.  
To do this we simply equation (4) to get nT

 = 2.  Then to 
transform this back, we simply take the transformed value and 
apply the private key exponent, i.e.  
 

mod .l
Tn n m=  (5) 

 
In our example, 211 mod 51 = 8, the original value.  While this 
example may be quite simplistic, with fairly large prime 
numbers, the number of possible factorizations becomes quite 
large making this methodology difficult to crack.  
 The public key technique is a common form of encryption 
used over the internet because of its high level of security. It is 
more secure because it uses two keys and is computationally 
infeasible to determine the private key from the public key. 
This is unlike the problem we saw with the monoalphabetic 
substitution cipher and the frequency analysis used to break it. 
 
Symmetric versus Asymmetric 

There are both advantages and disadvantages of using 
either symmetric or asymmetric encryption. Symmetric 
encryption means there are identical keys to encrypt and 
decrypt messages whereas asymmetric encryption means there 
are non-identical keys to encrypt and decrypt. Caesar ciphers 
and the substitution ciphers were examples of symmetric 
encryption.  Public key was an example of asymmetric 
encryption. 

An advantage of using symmetric encryption is that the 
process of encrypting and decrypting is relatively simple. One 
key is used to encrypt and the same key is used to decrypt. 
Only having one key leads to faster encryption and decryption 
compared to asymmetric encryption that uses two keys and is 
relatively slower to encrypt and decrypt. A disadvantage of 
symmetric encryption is that the identical key must be agreed 
upon by all parties in communication. All persons or business 
partners will need to have their own secret keys. If a business 
has multiple customers this leads to more keys which can 
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Figure 4.  Illustration to show how encryption works when encrypting with 
Bob’s public key. 
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become a hassle to maintain. Another disadvantage is that one 
cannot verify the sender of a message. This makes it difficult 
to exchange and ensure the security of messages. 

An advantage to using asymmetric encryption is that each 
person/business has fewer keys because all have their own 
public and private keys that are widely distributed. Another 
advantage is that this encryption is more secure because the 
receiver can verify who the sender was as we saw in the Bob 
and Alice example in figure 5. Also this encryption is more 
secure because it is mathematically infeasible to get the 
private key from the public key making it less vulnerable to 
breaking than the symmetric encryption. However, with this 
encryption and any other encryption one cannot completely 
ensure security based on the fact that someone could possibly 
get their hands on someone’s private key [5] [10].  

III. REAL WORLD APPLICATIONS 
Encryption is used to protect the transmissions of 

information in many real world applications including mobile 
telephones, wireless microphones and intercom systems, 
digital rights management, networks, Ecommerce, online 
banking, and ATM machines [9]. 

 Encryption is also used to protect against lottery ticket 
fraud. Each lottery ticket has an individual serial number and 
ticket number. These two numbers are used to prevent 
counterfeiters from replicating winning tickets. The lottery 
ticket manufacturers select serial numbers that do not suggest 
anything about the winning status of the winning ticket [20]. 

Websites are also popular real world applications where 
encryption is used. There are two main uses for encryption on 
websites. The first is to protect the sending and receiving of e-
mail and the second is to protect online transactions. The main 
goal of website security is to transmit information between the 
website and the customer without others gaining unauthorized 
access to the private information being exchanged. This type 
of transaction is done using a Secure Sockets Layer, also 
known as SSL. SSL is a tool used to protect the transmission 
of a message over the internet. The user of a secure website 
does not observe the communication between the web browser 
and the web server before a transaction can occur. Figure 6 
illustrates this transaction between the web browser and web 
server. First the web browser requests a Secure Socket Layer 
from the web server. If the web server confirms that the web 
browser is legitimate the web server will verify that the web 

browser has an SSL Certificate. An SSL certificate consists of 
a public and private key. The session key is encrypted with the 
SSL public key which is then sent to the web server. The web 
server then decrypts the session key to verify it came from the 
web browser. This completes the behind the scenes operation 
of the web browser and web server. All transmissions of 
messages are encrypted and can safely be sent between the 
web browser (customer) and the web server (business). HTTP 
over SSL creates a secure version of HTTP called HTTPS.  
The user will notice that they are viewing a HTTPS site 
instead of a HTTP site when the website is secure. A padlock 
will also appear at the bottom of the Web Browser or to the 
right of the address bar to indicate that an SSL certificate is 
installed on the website [24]. 
 
Reliability 
 The reliability of encryption is dependent on the number of 
bits used in the encryption key. Bits are the zeros and ones 
that make up the smallest unit of computer data. Each 
additional bit doubles the number of possible key sequences. 
In figure 6, we see that 56 bits compared to 32 bits increases 
the number of alternative keys from 4.3*109 to 7.2*1016. 
Having more possible keys makes it harder for a hacker to try 
every possible key. One can see that it only takes milliseconds 
at 106 decryption/microsecond to try every key at 32 bits but 
when there are 56 bits it can take hours. Today 128-bit 
encryption is the standard. With today’s computers it could 
take years upon years to check every key. However, 
computers and decryption techniques are guaranteed to get 
stronger in the future making the standard higher [22]. 
 Although more bits equal more alternative keys this does 
not mean that the encryption is more secure. A business needs 
to determine only the sensitive data that should be encrypted. 
Encrypting extra data can provide the hacker with extra 
information to decrypt the ciphertext. Therefore, encryption 
must be used efficiently in such a way that it maximizes the 
protection while using only sensitive data and minimizing the 
bits used. Minimizing bits can save space on the company’s 
infrastructure and save money. 
 
Drawbacks 

There are also many drawbacks of encryption. In the 
general public criminals are using encryption to store 
incriminating material on electronic devices and law 
enforcement is 
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having  a difficult time decrypting the material because of the 
strength of the encryption. Therefore, law enforcement wants 
to limit the use of encryption in the general public. Another 
drawback of encryption is that decryption tools are readily 
available. Therefore, if one were using encryption it should be 
strong enough for these tools not to break it by the click of a 
mouse. If the encryption is not strong enough it is useless 
against these tools.   

In a business, encryption can provide a high level of 
support; however it can be very costly. For example, if a 
business buys from a vendor the technical support for setup 
and assistance, and the software can be very expensive. Also, 
if a business decides to build encryption in-house this will cost 
the company employee time, which is also very costly. 
Encryption is very complex and requires a lot of technical 
knowledge and the implementation often requires additional 
hardware and software. Therefore, all costs must be 
considered before implementing encryption into a business 
[7]. 

IV. STUDY DESIGN 
The information presented thus far is quite interesting.  

Hence, I wanted to test, for myself, the implementation of an 
encryption technique to get an idea of how well it really 
works.  I also wanted to test how easy or difficult the making 
of an implementation is with a modern computing 
environment.  Then I thought it would also be interesting to 
see how easily the encryption would be to break.  Therefore, I 
decided to determine how easy a monoalphabetic substitution 
cipher was to implement and then break, using the letter 
frequency technique.  

I created a Java application that could analyze plaintext, 
encrypt plaintext, and try to decrypt the ciphertext based on 
the letter frequency.  Because the code is an application and 
not an applet it cannot be run on the web.  The main reason 
for using Java is that I was currently learning how to use the 
language while writing the program. Another reason I choose 
Java to program is because Java is a “write once, run 
anywhere” language.  This means that bytecode can be run on 
any device with a Java virtual machine installed. I ran the 
code on both a PC and a Mac without any problems.  
 There were very few considerations before implementing 
the code.  I was concerned with programming time and the 
simplicity of the code. I designed simple code in hope that it 
would show that even the simplest of decryption algorithms 
based on a letter frequency analysis could be used to decrypt 
ciphertext fairly accurately.  It took several hours each week 
for two months to finish the Java code to analyze plaintext, 
encrypt plaintext, and decrypt the ciphertext based on the 
letter frequency.  

A. Conduct Letter Frequency Analysis 
First, I analyzed the letter frequency of the King James 

Version of the Bible. The reason for choosing the King James 
Version of the Bible was because it is to some extent a 
different language then the English Standard language. My 
first objective was to determine the letter frequency. So using 

the first 30 chapters of Genesis I found the most common 
single letters, digrams, and trigrams. Table 1 shows the 
findings.    Notice that ‘e’ is the most common single letter 
and the common trigrams are “the” and “and”. This letter 
frequency then would determine my decryption guide later in 
my study. 
 

B. Encrypt Text Using Monoalphabetic Substitution 
Using a monoalphabetic substitution cipher I then encrypted 

six different texts. Three of these texts were from the King 
James Version of the Bible and the other three were from 
Huckleberry Finn. Huckleberry Finn will be used later to 
show that the hacker decrypting cannot be certain where the 
text came from and what language of English is being used. 
The monoalphabetic substitution cipher thus replaced every 
letter in the plaintext with a letter in the ciphertext. The 
monoalphabetic key is not known during the decryption 
process therefore one can assume it is random. 

C. Decrypt Text Using Letter Frequency 
After encryption was complete the most common single 

letters and trigrams were used to decrypt the ciphertext. First, 
every ciphertext letter is replaced by the most popular single 
letter found when doing the letter frequency analysis. For 
example, if ‘c’ was most prevalent letter in the ciphertext it 
would be replaced by ‘e’ because it is the most common single 
letter found in the letter frequency analysis. If ‘z’ was the next 
most prevalent letter in the ciphertext it would then be 
replaced by the letter ‘a’ because this is the second most 
common letter found in the frequency analysis.  This would 

TABLE I 
SUMMARY OF FREQUENCIES 

Letter Freq. (%) Digrams Freq. Trigrams Freq 

e  10891 (12.7) th 3826 the 2385 
a  9015 (10.6) he 3367 and 2318 
t  7739 (9.1) an 2786 her 524 
h  7368 (8.7) nd 2520 his 391 
n  6315 (7.4) er 1327 hat 372 
o  5571 (6.5) ha 1088 all 363 
d  5318 (6.3) in 1013 unt 355 
s  4680 (5.5) re 962 nto 347 
i  4671 (5.5) hi 911 ing 324 
r  4322 (5.1) at 869 aid 320 
l  3213 (3.8) of 825 for 319 
m  2294 (2.7) to 819 tha 308 
f  2065 (2.4) ed 790 ear 303 
u  1820 (2.1) en 752 ere 291 
w  1763 (2.1) is 718 sai 288 
b  1503 (1.8) ar 703 ter 282 
c  1422 (1.7) nt 687 hou 261 
y  1414 (1.7) or 676 ame 223 
g  1366 (1.6) ve 666 hal 217 
v  825 (1.0) ea 625 sha 216 
p  812 (1.0) ll 621 tho 211 
k  557 (0.7) ou 609 him 208 
j  135 (0.2) on 605 son 198 
z  48 (0.1) me 598 ght 194 
x  43 (0.1) se 590 abr 189 
q  11 (0.0) sa 583 ord 188 

Letter frequency based on first 30 chapters of “Genesis”. The letter 
percentages are based off of 85,121 total letters in the text.  The digrams and 
trigrams are the top 26 pairs and triplets respectively.   
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continue until all letters are replaced. Then the algorithm 
works with the trigrams. If ‘e’ is the last letter in the most 
common trigram that trigram is replaced by “the” and the 
second trigram becomes “and”. If ‘e’ is not the last letter in 
the most common trigram that trigram is replaced by “and” 
and the second trigram becomes “the”.  If the program had 
switched the trigrams before the single letters, “the” and “and” 
could have been altered with single letter switches. “the” and 
“and” therefore would have had a greater chance of not being 
the top two trigrams.  The single letters also have the 
possibility of being altered after the trigrams are decrypted. 
However, based on the letter frequency analysis we can be 
confident that “and” and “the” are the most common trigrams.  
Hence, decrypting in this order will guarantee that “the” and 
“and” are the most common trigrams if the conditions are met.  
After this decryption is done the user is left to using a guess 
method to make the text more readable. 
 

D. Calculating Accuracy 
To calculate the accuracy of the decryption algorithm using 

letter frequency each letter of the decrypted text was 
compared to the plaintext letter in the same position.  

V. RESULTS AND ANALYSIS 
The first three plaintext inputs were from the King James 

Version of the Bible. This is the same literature that was used 
to determine the letter frequency but from different chapters 
within the Bible. Table 2 displays the results found.  The first 
input was from the first two chapters of Numbers. An 
accuracy of 64.46%, strictly using the decryption algorithm, 
was found. The second input was from the first five chapters 
of Judges. An accuracy of 70.45% was found. The third 
plaintext input was from the first 10 chapters of Exodus. An 
accuracy of 71.28% was found.  After all individual texts 
were decrypted I used guessing to make the text more 
readable based on the letters found around it.  All the 
decrypted texts were easily decrypted to their original form. 
Based on the results there was a high accuracy and the 
accuracy increased as the plaintext inputs got larger in size. 
This seems to suggest that smaller input files have more 
unusual frequencies and are most likely not as accurately 
decrypted. For example, it would be hard to decrypt an input 
file with one word of ciphertext because there would not be 
enough letters to apply letter frequency due to the unusual 
frequencies of letters.   

The second three plaintext inputs were from the book 
Huckleberry Finn. The size of these inputs were 
approximately equivalent, in letter quantity, as the three Bible 
inputs. The smallest Huckleberry Finn input found an 
accuracy of 57.24%. The decryption algorithm found an 
accuracy of 51.31% in the next largest input file. The largest 
input file was found to be 61.25% accurate. There was a drop 
in the accuracy going from the smallest text to the next 
smallest text. This can be attributed to the fact that the letter 
frequency analysis was based on the first 30 chapters of 
Genesis. The “holy decryptor”, per se, was used to decrypt 
chapters of Huckleberry Finn instead of the “huck decryptor”. 

This seems to show us that if you calculate frequencies that 
are similar in style to the text we are going to decode, the 
decryption will do better. We do, however, see an increase in 
the accuracy from the smallest plaintext to the largest plaintext 
files and from the middle size plaintext file to the largest 
plaintext file. Therefore, although it has not been proven, it 
seems to suggest that larger input files are easier to decrypt 
more accurately. 

In both cases, we see that with a relatively simple 
decryption algorithm that monoalphabetic substitution ciphers 
are easily broken. Using letter frequency decryption it is much 
easier than trying every possible key. That would be 4.03E26 
possible keys as we saw earlier in the discussion on 
monoalphabetic substitution ciphers.  

VI. CONCLUSION 
From this study we can conclude that monoalphabetic 

substitution ciphers are easily broken. If I were to do this 
study again I would conduct a frequency analysis on a larger 
text input. Then I would use this letter frequency to decrypt 
more text files to see if the accuracy was greater. Additionally, 
I would improve my decryption algorithm to look at digrams 
and make more letter switches based on their frequency. Then 
I would also consider working with vowels and how common 
they are in relation to letters found around them. I would 
expect that the accuracy would improve with more testing 
done based on the letter frequency analysis.    

There are several limitations to this study.  The results 
depended on the text I used to generate the letter frequencies.  
It would have been interesting to see what the results would 
have been if I had used a larger file to analyze the letter 
frequency.  Additionally, it would have been interesting to use 
text of a different language.  Another area of interest would 
have been to allow other people to attempt to finish breaking 
the text after the frequency analysis to see if everyone could 
break it.  I was able to generate a high level off accuracy using 
the guess and check method but it would have been interesting 
to see the result of others.  It would have also been interesting 
to show and discuss how the frequency analysis approach 
does not work to decrypt a polyalphabetic encryption 
ciphertext because the method has a one-to-many instead of a 
one-to-one approach.   

As we have seen from the study, simplistic encryption is 
not always as secure as it seems. This is not to say that 
encryption in general does not work.  These results are 

TABLE II 
RESULTS 

Source Possible 
Characters Correct (%) 

Bible 9405 6062 (64.46) 
Bible 16791 11830 (70.45) 
Bible 30309 21604 (71.28) 

Huckleberry 9433 5399 (57.24) 
Huckleberry 16790 8615 (51.31) 
Huckleberry 30295 18557 (61.25) 

 
Accuracy of decryption used on chapters of the Bible and Huckleberry 

Finn.  Table shows the total number of characters in the plaintext and the 
number, as well as, the percentage of correct characters in the decrypted text. 
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expected given that people gave up on these methods as safe 
techniques and moved towards more secure encryption like 
public key.  We can conclude that a business needs to ensure 
that the type of encryption they are using provides the highest 
level of safety and security. Therefore, careful concern needs 
to be taken during the implementation of the encryption.  
Businesses will be more secure if they eliminate their chances 
of being vulnerable to hackers.   
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Abstract—This paper examines some properties of prime 

numbers and why they are important.  We survey historical 
investigations of prime numbers and some of the people who 
influenced the study of their unique characteristics.   
 

Key Words— Infinite, Mersenne number, prime, product,   
 

I. INTRODUCTION 
N mathematics the question is often asked, when are we 
going to use this anyway?  The practicality of mathematical 

ideas is often just not all that obvious to most.  Prime numbers 
on the other hand, for a long time did not have many practical 
uses.   
 A prime number is a natural number greater than one that 
has exactly two distinct positive divisors, one and itself.  
Some of the first prime numbers are 2, 3, 5, 7, 11, 13…, all of 
which only have two distinct positive divisors.  A question 
often arises on whether this list is finite.  This will be 
discussed later in the paper.   

While prime is a special classification of numbers, the 
question of their importance is often asked.  For a long time, 
prime numbers was seen as pure mathematics without real life 
applications.  However, that was changed around 1970 when 
prime numbers were put to use.  Today, prime numbers have a 
few practical uses and some technical uses, but the most 
prominent information about prime numbers is the publicized 
search of finding the largest.   

 

II. HISTORY OF PRIME NUMBERS 
Starting from the beginning, prime numbers have always 

been around but the concepts and uniqueness was thought to 
be first considered during Egyptian times.  However, the first 
surviving records of extensive study of primes and their 
properties come from ancient Greek mathematicians around 
500 BC.  In 300 BC, Euclid proved the Fundamental Theorem 
of Arithmetic and the infinitude of prime numbers, which 
were two huge results in the prime world.  About 100 years 

 
 

after Euclid’s discoveries, the Greek Eratosthenes discovered 
an algorithm for calculating prime numbers which was called 
the Sieve of Eratosthenes.  From here until the 17th century, 
there were many other discoveries in the prime world, but the 
research picked up again around the 1600’s.  In 1644, Marin 
Mersenne classified a special type of primes, which is now 
today one of the most common for the largest primes found 
[4].    

 

III. CHARACTERISTICS 
Prime numbers have many different characteristics which 

make them unique, but one of the most important is their 
ability to be building blocks for every positive integer.  Like 
the 26 letters of the alphabet that make up an infinite number 
of words or the 10 digits that make up an infinite number of 
numbers, prime numbers make up an infinite number of 
integers.   

 
A. Fundamental Theorem of Arithmetic 
 Euclid stated the Fundamental Theorem of Arithmetic 

around 300 BC. 
 
Theorem: Every positive integer is a product of prime 
numbers in one and only one way, one and only one is unique 
up to order [2].  
 
 This theorem claims that every integer is either a prime 
number or a product of prime numbers.  For example, 

3224 3 ×= .  As can be seen, the same prime factor may occur 
multiple times, and any other factorization of 24 will be 
identical except for the order of the factors.   
 
  
 
 
 
 
 

The Fundamental Theorem of Arithmetic shows why 
primes are considered the building blocks of the natural 
numbers.  However, the alphabet is made up of a finite 
number of letters that can create an infinite number of words, 
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Figure 1.  This is a factor tree that breaks the number 24 down into its prime 
factors.
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and there are a finite number of digits that can create an 
infinite number of numbers. Thus it would seem reasonable to 
have a finite number of primes that make up an infinite 
number of numbers.  However, that is not the case, and Euclid 
proved there are an infinite number of primes. 
 

B. Infinitude of Primes 
After proving the Fundamental Theorem of Arithmetic, 

Euclid used his previous theorem in order to prove there are 
an infinite number of primes. 
 
Theorem. There are infinitely many prime numbers. 
 
 Proof.  This is a proof by contradiction.  Assume there is a 
finite number of primes, nppp ,...,, 21 .  Let 1...21 += npppP .  
By the Fundamental Theorem of Arithmetic, we know there is 
at least one prime, which we will call *p , that divides P  
because every positive integer is a product of prime numbers.  
Thus Pp |* .  Since we have a finite list of primes, *p must 
be equal to one of nppp ,...,, 21 .  Thus, npppp ...|* 21  and 

Pp |* .  Combining these relations, we know 

npppPp ...|* 21−  or 1|*p .  However, *p  is a prime number 
and, by definition, is greater than one.  Thus, a contradiction 
arises.□ 
 While Euclid did prove this idea, his actual proof was stated 
differently.  During Euclid’s time, integers were understood as 
lengths of line segments and divisibility was spoken of as 
measuring.  The following statement and proof are a little 
closer to what Euclid actually provided [10]. □  
 
Theorem.  Prime numbers are more than any assigned 
multitude of prime numbers.   
 
 Proof.  Let A, B, and C be the assigned prime numbers.  
Then take the least number DE measured by A, B, and C and 
add the unit, measure one, DF to DE.  Now, EF is either prime 
or not prime. 
 First, let EF be prime. Then the prime numbers are A, B, C 
and EF which are more than our original list. Therefore, the 
list of prime numbers was not complete. 
 

Next, let EF not be prime.  Therefore, by the Fundamental 
Theorem of Arithmetic, there is some prime number that 
measures EF, call it G.  There are now two options with G, 

either G is the same measure as A, B, or C or it is not the 
same.   

First, let G be the same as A, B, or C.  We know A, B, and 
C all measure DE, therefore G also measure DE.  However, 
we know G measures EF.  Therefore, G must measure the 
remainder, the unit DF, which is impossible.  
   Consequently, G is not the same as A, B, or C and by 
definition, G is a prime number.  Hence, prime numbers A, B, 
C, and G have been found which is more than our original list.  
Therefore, prime numbers are more than any assigned 
multitude of prime numbers [7].  □ 
 

IV. DETERMINING PRIME NUMBERS 
Thanks to Euclid, we know there is infinite number of 

prime numbers, but how do we determine which numbers are 
prime?  If you were handed a list of natural numbers, how 
would you pick out the primes? By memorization of the prime 
numbers or by definition of what a prime number is?  About 
100 years after Euclid’s discoveries, The Greek Eratosthenes 
provided a way of determining what numbers are prime.     
 

A. Sieve of Eratosthenes 
The Sieve of Eratosthenes is an algorithm for determining 

what numbers are prime.  In order to perform the algorithm, 
he wrote down all of the natural numbers and proceeded to 
“sieve” out all numbers that were not prime[11]. Number one 
is not prime because it only has one distinct factor and thus 
does not fit the definition, so it is crossed out [3]. 

 
Then we move to number two and cross out every number that 
is a multiple of two because they are not prime.  Now, we 
move to the next number that is not crossed out, which is 
three.  Then we cross out all of the multiples of three because 
they are not prime.  We continue to do this and the numbers 
left are the prime numbers.   

Eratosthenes’ algorithm creates a list of the prime numbers; 

Figure 3.  This shows the first 100 numbers after the Sieve of 
Eratosthenes has been completed. 

A 

B 

C

D F E

Figure 2.  This is a representation of Euclid’s actual proof.  
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however, if we are looking at large prime numbers, this 
process can be quite tedious.  This process can be done by 
computers, but still the larger the numbers the longer the 
computer takes to determine it is prime.   

 

V. CLASSIFICATION OF PRIMES 
 

Because of the infinitude of prime there are large primes to 
work with.  They are difficult to work with because they are 
large.  Out of interest, different classifications of primes were 
created.  For example, there are twin primes which are pairs of 
primes that differ by two.  Sophie Germaine primes are prime 
numbers where both p and 12 +p are prime.  Fermat primes 
are primes of the form 12 +p .  Fibonacci primes are prime 
Fibonacci numbers.  Last there are Mersenne primes, which 
we will take a closer look at [4].  

 

A. Mersenne Numbers 
In 1644 Marin Mersenne studied numbers of the form 

12 −n .  Thus, a Mersenne prime is a prime Mersenne 
number[9].  Mersenne’s name got attached to these numbers 
when he created a list of the Mersenne primes, but it was only 
partially correct.  The list he should have compiled is shown 
in Table 1.  However, Mersenne’s list included M(67) and 
M(257) which are composite, and he was missing M(61), 
M(89), and M(107) [12].   

 
It was stated by Mersenne that if n  is prime, then so is 

12 −n .  However, that is not the case and our smallest 
counterexample is when n  equals 11, 
then 892320471211 ×==− .  However, it was proved that n  
must be prime in order for the Mersenne number to be prime. 

 
 
Theorem.  If for some positive integer n , 12 −n  is prime, then 
so is n .   
 
Proof.  Let r  and s  be positive integers. Then the polynomial 

)2...2221)(12()12( )1(32 rsrrrrrs −+++++−=− .  If n is 
composite, then srn ⋅= , where nsr << ,1 .  It follows that 

12 −r  divides 12 −n  and the Mersenne number is not 
prime [9]. □ 
 

 From this theorem, we now know n  must be prime in 
order for the Mersenne number to be prime; however, the 
Mersenne number might not be prime even if n  is prime.  
This is what is called a necessary but not sufficient condition.  
Since this condition is not sufficient, primality of the 
Mersenne numbers must always be checked.  
 

B. Lucas-Lehmer Test 
The Lucas-Lehmer Test is one of the most common tests 

for checking the primality of Mersenne numbers.  This test 
was created in 1856 by Lucas and was improved by Lehmer is 
1930 [9].   

 
Theorem.  Let p be prime and let 12 −= pn .  Let 41 =S  

and 22
1 −=+ kk SS  if 1≥k .  Then n  is prime if and only 

if 1−pS  is divisible by n .   

41 =S   
142 =S   
1943 =S    

634,374 =S … 
 
 

TABLE I 
FIRST 12 MERSENNE NUMBERS 

Mersenne 
number Exponent Expanded Version 

M1 2 M1=22-1 

M2 3 M2=23-1 

M3 5 M3=25-1 

M4 7 M4=27-1 

M5 13 M5=213-1 

M6 17 M6=217-1 
M7 19 M7=219-1 

M8 31 M8=231-1 

M9 61 M9=261-1 

M10 89 M10=289-1 

M11 107 M11=2107-1 

M12 127 M12=2127-1 

This is the list of the first twelve Mersenne primes which is what 
Mersenne should have compiled when he first presented it.   
 

 
Interesting Fact 

“At the October 1903 meeting of the 
American Mathematical Society, the 
American mathematician Frank Nelson 
Cole was called on to speak.  He walked to 
the blackboard, and saying nothing raised 
the integer 2 to the sixty-seventh power.  
Then he carefully subtracted one from the 
resulting number and let the answer stand.  
Silently, he moved to a clean part of the 
board and multiplied, longhand, the produce 
of 287,257,838,761721,707,193 ∗ .  The two 
calculations agreed.  He received a standing 
ovation and later he confided to a friend that 
it took him ‘three years of Sundays’ to find 
the factors” [12]. 
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Example.  Let 3=p . Then 7123 =−=n  and 2714 =÷ , 
thus 7 is prime. 
 
Example.  Let 5=p  then 31125 =−=n  and 

214,131634,37 =÷  
 

 Obviously, these are small examples that we do not 
necessarily need to test in this way, but it helps to see how the 
Lucas-Lehmer test actually works.  This test only works on 
odd primes, but two is the only even prime because any other 
even number is divisible by two and would not be prime.   
 

C. Large primes 
Because of the Lucas-Lehmer test, checking if Mersenne 

numbers are prime is an easier task than checking other 
numbers.  Today there are 44 Mersenne primes.  The largest 
Mersenne prime is 12 657,583,32

44 −=M .  This number consists 
of 9,808,358 digits and was found in September of 2006 [13].  
This number was found by a program called the Great Internet 
Mersenne Prime Search (GIMPS).   

GIMPS was created by George Woltman in 1996 and has 
had a virtual lock on the largest prime since then.  This 
program was running on 100 computers for nine years in 
order to fine the largest Mersenne Prime today.  GIMPS is a 
free software that requires little of the user.  It replaces the 
screensaver and uses the computer’s idle time to check 
Mersenne numbers for factors [13].   

 The 44th Mersenne prime almost won the discoverers 
some money.  The Electronic Frontier Foundation offer 
awards for primes with a certain number of digits.  For 
example, they offer $100,000 for a prime number of at least 
10 million digits, $150,000 of at least 100 million digits, and 
$250,000 for 1 billion digits.  In 2000, the EFF paid $50,000 
for the first prime number with at least 1 million digits [6].  
While large primes like these might get you fifteen minutes of 
fame or some cash, there really are not any uses yet for prime 
numbers with that many digits.  

VI.  APPLICATIONS OF PRIME NUMBERS 
After all of the previous information, who cares, right?  

There are an infinite number of prime numbers, big deal?  In 
fact, we know characteristics of prime numbers have been 
studied since 500 BC, but it wasn’t until about 40 years ago 
that there was actually a use for them.   
 

A. Encryption 
If you have ever bought something online, there is a good 

possibility that prime numbers are being used in order to keep 
your personal information safe.  Encryption is one of the ways 
of hiding information by turning messages into gibberish so 
they can only be read by the intended recipient.  When a credit 
card number is sent over the internet, the number is encrypted 
by the browser.  This encryption is an algorithm based on the 
theory of prime numbers [8].  In short, encryption is done by 

multiplying together two prime numbers each about 100 digits 
long in order to represent the credit card number.  Factoring 
this product could take centuries even with a computer, thus 
the information is kept safe until the intended person receives 
the information and knows the two prime numbers that were 
originally multiplied together and can then decrypt the 
message.  Encryption is done in many different ways by 
creating a key or a secret way of making the original message 
unreadable and prime numbers can be used to do this. 

 

B. Insects 
Prime numbers are seen in the lifecycles of insects.  There 

is a bug called the cicada that lives in the ground for a number 
of years.  There are two different species and they come out 
after either 13 or 17 years.  Because 13 and 17 are both prime 
numbers, it is thought that by emerging at these times, it is 
harder for the predators to adapt and kill the insects.  Also, by 
emerging at these times, it reduces the chances of 
interbreeding among different populations.  The 17 year 
cicadas and the 13 year cicadas will only emerge at the same 
time once every 221 years [5]. Obviously, these timings are 
not deliberate however the cicadas evolved into this pattern of 
emerging out of the ground to mate which caused long lives 
for the insects. 
 

C. Other Applications 
Because of prime numbers unique characteristics, prime 

numbers have been involved in music and movies as well.  
Prime numbers are drawn into music in order to create 
unpredictable rhythms and make the music a little more 
interesting.  The French composer Olivier Messiaen is an 
example of someone who used this strategy.  He believed by 
involving prime numbers, it made the music seem more free 
and easy [8].   

 Also, a less direct involvement of prime numbers is on 
the big screen.  Many films include the fascination with the 
mysteries of prime numbers such as The Mirror Has Two 
Faces and A Beautiful Mind.  
 

VII. CONCLUSIONS 
This paper has shown the important characteristics of prime 

numbers including the “building blocks” idea and the 
infinitude of the prime numbers.  We have found a simple way 
to determine what smaller numbers are prime by using the 
Sieve of Eratosthenes.  Also, we have learned there are many 
different classifications of prime numbers and Mersenne 
primes are very prevalent today because of the ease of the 
Lucas-Lehmer test.  Last, we discussed some of the 
applications of prime numbers.  Prime numbers no longer 
have no purpose.  Their usefulness is growing because of 
there unique characteristics.   
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Abstract—The prime numbers and the Fibonacci numbers 
appear to be two very different sets of numbers.  This paper will 
discuss four relationships between these sets of numbers.  This 
paper also contains a proof of the Zeckendorf theorem, a proof 
that consecutive Fibonnacci are coprime, a proof of a recursive 
relationship for the Mersenne numbers, and a proof that if Fn is 
prime, then n is also prime.   
 

Key Words—Fibonacci number, Fibonacci prime, Mersenne 
number, prime number 
 

I. INTRODUCTION 
HE prime numbers and the Fibonacci numbers are both 
interesting sets of numbers for mathematicians.  A prime 

number is a natural number that has two distinct divisors, one 
and itself.  One is not considered to be a prime number, thus 
the smallest and only even prime number is two.  Prime 
numbers have many applications including, but not limited to 
being useful for data encryption [8].  nP  will be used to 
represent the nth prime number.  Fibonacci numbers, on the 
other hand, come from a recursive sequence of numbers where 
the sum of the previous two terms creates the next number in 
the sequence.  The recursive sequence is defined as 

21 −− += nnn FFF and .1,0 10 == FF   nF  will be used to 
represent the nth Fibonacci number.  Fibonacci numbers are 
often found in nature and can also be useful in converting 
distances [1].  (Refer to Table 1 for a listing of the first fifteen 
prime and Fibonacci numbers.)  Although the prime numbers 
and Fibonacci numbers have very different definitions and 
applications, it is of interest to determine if there are any 
connections between these two sets of numbers.  This paper 
will discuss some of the different connections found between 
these two sets of numbers in hope that the reader will see 
these two distinctly different sets of numbers are related in 
many ways. 

The connections between these two sets of numbers can be 
divided into four major topics: Building Integers, Fibonacci 
Primes, Characteristics of Fibonacci Numbers, and the 
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Mersenne Numbers.  The Building Integers section will 
discuss one of the simplest connections between these two 
sets of numbers as well as provide a detailed proof of the 
theorem that relates the Fibonacci numbers to the prime 
numbers.  The Fibonacci prime section will discuss the 
intersection of these two sets which create a special type of 
number referred to as the Fibonacci prime.  Characteristics of 
these numbers as well as one way to determine if a number is 
not a Fibonacci prime will also be included.  The third section 
will discuss characteristics of the Fibonacci numbers that are 
known from primes as well as a proof of one of these 
characteristics.  This section will also include two proofs.  The 
final section, Mersenne numbers, will show how Mersenne 
numbers (the integers that are one less than a power of two [8] 
) satisfy a recursive formula similar to the Fibonacci numbers. 

 

II. BUILDING INTEGERS 
One of the most basic facts about prime numbers is that 

every positive integer greater than one can be written as a 
unique product of prime numbers [8].  The product is unique 
up to the order of the factors.  For example, 322224 ⋅⋅⋅=  
where 2 and 3 are both prime numbers.  This is better known 
as the Fundamental Theorem of Arithmetic and was first 
proved by Euclid using line segments, while the first formal 
proof was recorded by Carl Friedrich Gauss in 1801 [4]. 
According to this theorem every positive integer can be built 
from prime numbers.  

 It is also true that every positive integer can be built from 
the Fibonacci numbers.  According to the Zeckendorf 
theorem, named after the Belgium mathematician Edouard 
Zeckendorf, every positive integer is the sum of distinct, 
nonconsecutive Fibonacci numbers [10].  As a result, every 
positive integer can also be built from the Fibonacci numbers.  
For example, 138993 ++=  where 89, 3, and 1 are 
nonconsecutive, Fibonacci numbers. 

 
Zeckendorf Theorem:  Every positive integer can be 

represented in a unique way as the sum of one or more 
distinct Fibonacci Numbers in such a way that the sum does 
not include any two consecutive Fibonacci numbers.  This 
representation is called the Zeckendorf representation [10]. 
 

 

Discovering Connections:  The Prime Numbers 
and the Fibonacci Numbers 

Christina L. Schneider 
Department of Mathematics and Computer Science – Ripon College 

T 

20



 

 

2008 Senior Seminar:  History of Mathematics 

In order to prove the Zeckendorf theorem two things must 
be proven: existence and uniqueness.   
1. Existence:  Every positive integer has a Zeckendorf 

 representation. 
2. Uniqueness:  No positive integer has two different 

 Zeckendorf representations. 
 
Proof:  Proving existence will show that every positive 

 integer has a Zeckendorf representation. This can be 
 proven using mathematical induction on n where n is an 
 integer. 

 
Base Step:  Given n = 1, 2, 3; one, two, and three are 
Fibonacci numbers therefore they are their own Zeckendorf 
representations. 
Given n = 4, of course when n = 4; four is not a Fibonacci 
number but 4 = 3 + 1  which shows that 4 can be written as 
the sum of distinct,  nonconsecutive Fibonacci numbers and 
it has a Zeckendorf  representation.  Thus the base cases 
hold true. 
 
Induction Step: 
Induction Hypothesis:  Suppose every integer kn ≤ has a  
Zeckendorf representation. 
Show 1+= kn has a Zeckendorf representation. 
 
There are two possible cases for 1+k .  Either 1+k   is a 
Fibonacci number and therefore it has a Zeckendorf 
representation, or 1+k  is not a Fibonacci number.  If 1+k  
is not a Fibonacci number then there exists some integer j 
such that 11 +<+< jj FkF .  In other words, 1+k  lies 
between two Fibonacci numbers. We, define jFka −+= 1 .  
Thus ka ≤  and by the induction hypothesis a has a 
Zeckendorf representation.  It is also possible to conclude 
that 1+<+ jj FFa  making 1−< jFa .  Since 1−< jFa , the 
Zeckendorf representation of a  cannot contain 1−jF .  
Finally, aFk j +=+1  and since both jF and a  have 
Zeckendorf representations and the Zeckendorf 
representation of a  does not contain 1−jF , then 1+k  does 
not contain consecutive Fibonacci  numbers.  Therefore 

1+k  has a Zeckendorf representation  and the claim holds 
true.  This proves that every positive integer has a 
Zeckendorf representation and thus the existence part of the 
Zeckendorf  theorem has been shown [10]. 
 
To prove the uniqueness part of the Zeckendorf theorem, 
we must first prove a lemma. 
 
Lemma:  Let S  be a finite set of distinct, nonconsecutive 
Fibonacci numbers with the maximum jF  where j > 1.  
Then the 1)( +< jFSsum  [10]. 
 
Proof:  This lemma can be proven by mathematical 

 induction on j . 

 

Base Step: Given 2=j .  For 2=j we have, 
S  = {1}.  Thus,  

1)( =Ssum .  Since 
2312 ==+ FF  and 

21 <  the base case checks. 
 
Induction Step:  
Induction Hypothesis:  Suppose the claim holds true for all  

 mj < . 
Show that the claim holds true for mj = . 
 
Suppose that the maximum number in S  is mF .  Let S ′  be 
equal to the  set S  without its maximum mF .  Since S ′  
does not contain consecutive Fibonacci numbers, 

2)max( −=≤′ mFS .  By the induction hypothesis 
1)( −<′ mFSsum .  We note that the mFSsumSsum +′= )()(  

by the definition of S ′ .  Then mmm FFFSsum +<+′ − 1)(  
and 11 +− =+ mmm FFF  by the definition of a Fibonacci 
number.   That is, 
  

11)()( +− =+<+′= mmmm FFFFSsumSsum  
 
Therefore the 1)( +< mFSsum  and the claim holds true for 
all 1>j . 
 
Using this lemma it is now possible to prove the uniqueness 

 part of the Zeckendorf theorem.   
 
Proof:  To prove the uniqueness, take two nonempty sets of 
distinct, nonconsecutive Fibonacci  numbers that have the 
same sum, call them S  and T .  Now eliminate all the 
common members of S  and T and call these new sets S ′  
and T ′ .  If S ′  and T ′ are both empty then TS = and no 
positive integer has two different Zeckendorf 
representations and the uniqueness would be proven.  To 

TABLE 1 
PRIME NUMBERS AND FIBONACCI NUMBERS 

Prime Numbers (Pn) n = Fibonacci Numbers (Fn) 

2 1 1 
3 2 1 
5 3 2* 
7 4 3* 

11 5 5* 
13 6 8 
17 7 13* 
19 8 21 
23 9 34 
29 10 55 
31 11 89* 
37 12 144 
41 13 233* 
43 14 377 
47 15 610 

Included are the first 15 prime and Fibonacci numbers in order.  Fibonacci 
numbers with an asterisk (*) are Fibonacci primes. 
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show this is the only possibility, consider the cases where 
S ′ and T ′ are not nonempty. 
If S ′ and T ′ are both not nonempty there are three cases: 
 1. Both S ′  and 'T  are nonempty. 
 2. S ′  is empty and T ′  is nonempty. 
 3. S ′  is nonempty and T ′  is empty. 
Case 1:  If both S ′  and T ′ are nonempty then let the 

sFS =′)max(  and the tFT =′)max( .  Since TS ′≠′ , ts FF ≠  
therefore one must be greater than the other.  Without the 
loss of generality, let ts FF < .   According to the lemma, 

1)( +<′ sFSsum .  Also ts FF ≤+ 1 .  Then tFTsum ≥′)(  
because the sum must include its maximum therefore 

)()( TsumSsum ′<′  and )()( TsumSsum ≠  contradicting the 
definition of S  and T . 
Case 2:  If S ′  is empty and T ′  is nonempty then S  is a 
proper subset of T  because all of S  is in T  and therefore 

)()( TsumSsum ≠  contradicting the definition of S  and T . 
Case 3:  If S ′  is nonempty and T ′  is empty then T  is a 
proper subset of S  therefore )()( TsumSsum ≠  
contradicting the  definition of S  and T . 
 
Therefore the only possibility is for both S ′  and T ′  to be 
empty, making TS = .  This shows that if any two 
Zeckendorf representations have the same sum they must 
 be identical, proving the uniqueness of the Zeckendorf 
theorem. 
 
The two conditions of the Zeckendorf theorem, existence 

 and uniqueness, have been proven and thus the Zeckendorf 
 theorem hold true and there is only one unique way to
 write any positive integer as the sum of distinct, 
 nonconsecutive Fibonacci numbers [10].  

  
With the proof of the Zeckendorf theorem it is now possible 

to conclude that every positive integer can be built from the 
Fibonacci numbers showing the connection between the prime 
numbers and the Fibonacci numbers.  However, it is important 
to note some key differences between the two.  First when 
talking about the prime numbers building the positive 
integers, multiplication must be used.  According to the 
Zeckendorf theorem it is the sum of Fibonacci numbers that 
builds all the positive integers.  Another key difference is 
distinctness.  The Zeckendorf theorem clearly states that it is 
the sum of distinct Fibonacci numbers where as prime 
numbers can be repeated such as in the example of 24 where 2 
is repeated three times.  Last, it has been proven above that 
each positive integer is the sum of nonconsecutive Fibonacci 
numbers.  Again in the case of 24, 2 and 3 are consecutive 
prime numbers so this claim is not true for the prime numbers.  
Even with these key differences it is still interesting to note 
that all the positive integers can be built using both the 
Fibonacci and prime numbers. 

III. FIBONACCI PRIMES 
Another important relationship between the prime and 

Fibonacci numbers is a special number called a Fibonacci 
prime.  A Fibonacci prime is a Fibonacci number that has two 
distinct divisors, one and itself [2].  Basically it is a Fibonacci 
number that is also a prime number.  (Refer to Table 1 for the 
first six Fibonacci primes.)  Just as it is known that there is an 
infinite number of primes, there is also believed to be an 
infinite number of Fibonacci primes, although this belief has 
yet to be proven [2].  Currently there are thirty-three known 
Fibonacci primes: Fn when n = 3, 4, 5, 7, 11, 13, 17, 23, 29, 
43, 47, 83, 131, 137, 359, 431, 433, 449, 509, 569, 571, 2971, 
4723, 5387, 9311, 9677, 14431, 25561, 30757, 35999, 37511, 
50833, 81839 [9].   The two most recently discovered 
Fibonacci primes are the Fibonacci numbers with subscripts 
37511 and 50833.  These two numbers were both discovered 
in 2005, however neither number is the largest known 
Fibonacci prime.  The largest Fibonacci prime is F81839 and 
was discovered in April 2001 by David Broadbent and Bouk 
de Water [6].  There are also numbers known as possible 
Fibonacci primes.  These numbers fit the characteristics of 
Fibonacci primes but due to the fact that they are so large they 
have not been proven to be prime.  There are currently nine 
known possible Fibonacci primes (F104911, F130021, F148091, 
F201107, F397379, F433781, F590041, F593689, and F604711) [6]. 

One of the most important characteristics of Fibonacci 
primes is that if the Fibonacci number is prime then the 
subscript of the Fibonacci number is also prime.  For example 

137 =F  where 13 is a prime number therefore 7 is also a 
prime number.  There is one exception to this rule.  34 =F  
where 3 is prime but 4 is not.  This theorem can be proven 
using two lemmas. 

 
Theorem:  If nF  is a prime number, then n is also a prime 

number except when n = 4  [9]. 
 
Lemma One:  11)1( +−+ += nknnknkn FFFFF  [4]. 
 
Proof:  To prove this lemma first show that 

1n

1

Q n n

n n

F F
F F

+

−

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
 when  

 
2 1

1 0

1 1
Q

1 0
F F
F F

⎡ ⎤ ⎡ ⎤
= =⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦
     [5]. 

This can be proven by mathematical induction on n. 
 
Base Step:  Given n = 1. 

2 11 1 11

1 01 1 1

Q
F FF F
F FF F

+

−

⎡ ⎤⎡ ⎤
= = ⎢ ⎥⎢ ⎥

⎣ ⎦ ⎣ ⎦
 

Therefore the base case checks. 
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Induction Step: 

Induction Hypothesis:  Suppose 1k

1

Q k k

k k

F F
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Show 2 1k+1
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 2 1

1

k k

k k

F F
F F

+ +

+

⎡ ⎤
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Therefore the claim holds true for all 1≥n . 
 
With this fact, it is possible to show 

11 +−+ += mnmnnm FFFFF .  We know it is true that        
QmQn-1 = Qm+n-1.  Also, 

1m

1

Q m m

m m

F F
F F

+

−

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
,    1n-1

1 2

Q n n

n n

F F
F F

−

− −

⎡ ⎤
= ⎢ ⎥

⎣ ⎦
, and 

1m+n-1

1 2

Q m n m n

m n m n

F F
F F

+ + −

+ − + −

⎡ ⎤
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⎣ ⎦
 so, 

1 1 1

1 1 2 1 2

m m n n m n m n

m m n n m n m n

F F F F F F
F F F F F F

+ − + + −

− − − + − + −

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
=⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦
. 

By using knowledge of matrix multiplication 
11 +−+ += mnmnnm FFFFF .  Now let nkm = .  Thus, 

11 +−+ += nknnknnnk FFFFF  so, 
11)1( +−+ += nknnknkn FFFFF  and the first lemma has been 

proven [5]. 
 
Lemma Two:  nF | mnF  for all 1≥m  [6]. 
 
Proof:  This lemma can be proven by mathematical 

 induction on m. 
 
Base Step: Given 1=m . 

nF  | )1(nF   or nF  | nF   and the base case checks. 
 
Induction Step: 
Induction Hypothesis:  Suppose nF  | nkF  for all k. 
Show nF  | )1( +knF . 
 
By the induction hypothesis nF  | nkF .  If nF  | nkF  then            

nF  | nkn FF 1− .  Also, nF  | 1+nknFF  therefore                       
nF  | 11 +− + nknnkn FFFF .   From the previous lemma 

)1(11 ++− =+ knnknnkn FFFFF  hence nF  | )1( +knF  and the 
claim holds true for all 1≥m . 
 
Through the use of this second lemma the theorem can 

 finally be proven. 
 
 

Proof:  Since nF  | mnF , suppose ban ⋅=  where 2, ≥ba  so 
n  is not prime.  Then aF  | nF  and bF  | nF  therefore nF  is 
not prime unless 1== ba FF .  It is possible for 1== ba FF  
when 2== ba , so 4=n .  Therefore n  must be prime for 

nF  to be prime, except when 4=n and the theorem has 
been proven.  
 
 Now that this theorem has been proven it is possible to 

claim that if Fn is a prime number, then n is prime with the 
exception of n = 4.  On the other hand, it is not correct to 
claim the converse, that if n is prime, then Fn is also prime.  
The smallest counter example would be F19.  Nineteen is a 
prime number, however F19 = 4181 which is not prime and 
has the prime factors of 37 and 113. 

Although the converse is not true, there is another fact 
known about Fibonacci numbers when n is prime.  This was 
discovered by Shane Findley [6].  He noticed that when n is a 
prime number, either Fn is prime which would be the converse 
of the previous theorem or if Fn is not prime then Fn has prime 
factors that have not yet appeared in the previous Fibonacci 
numbers [6].  Table 2 shows the first 12 prime numbers and 
states whether they are prime or it displays the prime factors 
of the Fibonacci number [6]. 

 

 
The example F19 = 4181, used earlier to show that even 

though 19 was prime F19 was not prime, does however have 
the prime factors (37 and 113) that are first appearing in the of 
Fibonacci numbers and their prime factors. 

Besides for this property of Fibonacci primes it is 
interesting to consider ways to determine if a number is not a 
Fibonacci prime.  One way to verify if a number is not a 
Fibonacci prime uses modular arithmetic.  Modular arithmetic 
is used when numbers wrap around as they reach a certain 
value.  It is often referred to as clock arithmetic because just 
as a clock goes from 12 back to 1, so do numbers when using 
modular arithmetic.  Modular arithmetic is written in the form: 
remainder mod the highest value before returning to one.  For 
the clock example a number would be written in mod 12.  For 
the purposes of the Fibonacci primes, things will be written in 
mod 5.  To find a value in mod 5, divide the number by five 

TABLE 2 
FIBONACCI NUMBERS FROM PRIMES 

Fn when n =  
 2 : 1 

 3 : 2 Prime  
 5 : 5 Prime 
 7 :  13 Prime 
 11 : 89 Prime 
 13 : 233 Prime 
 17 : 1597 Prime 
 19 : 4181 = 37 x 113 
 23 : 28657 Prime 
 29 : 514229 Prime 
 31 : 1346269 = 557 x 2417 
 37 : 24157817 = 73 x 149 x 221 

Included are the first 12 prime numbers and their corresponding Fibonacci 
numbers, along with either an indication that the Fibonacci number is itself 
prime or its prime factorization. 

23



   
 

 

Schneider – Prime and Fibonacci Numbers 

and the remainder is written in front of the mod 5.  For 
example, 16 can be written as 1 mod 5 because 16 / 5 leaves a 
remainder of 1.  Understanding modular arithmetic will help 
verify if a number is not a Fibonacci prime.  One way to 
determine if a number is not a Fibonacci prime includes: 

 
If p is a prime number greater than 7 and p = 2 mod 5 or   

p = 4 mod 5 and 2p – 1 is a prime number then 2p – 1 divides 
Fp and it is not prime [9]. 

 
To make this more understandable, use the example F19 

because it has already been shown to not be a Fibonacci prime 
so it should fulfill both of the conditions above.  The first 
condition states the 19 needs to written as either 2 mod 5 or 4 
mod 5 and 19 / 5 leaves a remainder of 4 so it can be written 
as 4 mod 5 and satisfies the first condition.  Second,             
2(19) – 1 should be a prime number.  This is equal to 37 
which is a prime number, therefore 37 should divide F19 and it 
does because F19 = 4181 = 37 x 113.  Thus F19 is not a 
Fibonacci prime.  This is one way to determine if a number is 
a Fibonacci prime without searching for its prime factors. 

Fibonacci primes are one clear connection between the 
prime numbers and the Fibonacci numbers. 

IV. CHARACTERISTICS OF FIBONACCI NUMBERS 
There are also characteristics of the Fibonacci numbers that 

relate to the prime numbers.  The first characteristic deals with 
square-free numbers.  An integer is square-free if and only if 
in the prime factorization, no prime number occurs more than 
once.  An example of a square free number would be 14 
because its prime factors are 2 and 7 and neither 2 nor 7 occur 
more than once.  Twenty-four would not be considered a 
square-free number because the prime factor 2 occurs three 
times.  This first characteristic states: 

 
If p is prime, then Fp

n is square-free, unless p =  5 [3]. 
 Examples:  F2

2 = F4 = 3 Prime 
     F2

3 = F8 = 21 = 3 x 7 
     F2

4 = F16 = 987 = 3 x 7 x 47 
 
This is an interesting characteristic of the Fibonacci 

numbers because it provides knowledge about Fibonacci 
squares, cubes, etc.  The next characteristic supplies 
information about the neighbors of Fibonacci numbers.  The 
neighbor of a Fibonacci number is considered to be the integer 
one more or one less than the Fibonacci number.  This 
characteristic reads, 

 
The neighbors of Fibonacci numbers are not prime for 

 Fibonacci numbers greater than 8 [3]. 
 
Look at F7 = 13.  The two neighbors of 13 are 12 and 14 

which are both even numbers and therefore are divisible by 2 
and are not prime.  All of the odd Fibonacci numbers have 
even neighbors so none of the neighbors of odd Fibonacci 

numbers are prime.  The even Fibonacci numbers are more 
interesting because there is the possibility for a neighbor to be 
prime.  Consider F9 = 34.  The neighbors of 34 are 33 which 
is divisible by 3 and 35 which is divisible by 5 making neither 
neighbor prime.  This result was proven by Toby Gee in    
1997 [6]. 

The next characteristic of the Fibonacci numbers describes 
a property of consecutive Fibonacci numbers.  It also uses the 
term coprime.  Two numbers are considered to be coprime if 
their greatest common divisor is one, meaning they have no 
common factors other than one. 

 
Theorem:  Consecutive Fibonacci numbers are coprime 

 [7]. 
 Example:  F5 = 5 = 5 x 1 and F6 = 8 = 2 x 2 x 2 x 1 
  The greatest common divisor is one between 5 and 8. 
 
Proof:  Let Fn, Fn+1 be consecutive Fibonacci numbers and 

 let some integer d divide both Fn and Fn+1. 
If d | Fn and d | Fn+1 then d | Fn+1 – Fn = Fn-1 
 d | Fn-1 and d | Fn then 
 d  | Fn – Fn-1 = Fn-2… 
 d | F2 = 1 
If d | 1 then d = 1, therefore the greatest common divisor is 
one, proving that consecutive Fibonacci numbers are 
coprime [7].   
 
There are other interesting traits that connect the prime 

numbers to the Fibonacci numbers.  A fourth trait reads, 
 
For every prime number p, there is a Fibonacci number 

 divisible by p and this occurs in the first p + 1 terms [9]. 
  
This trait reads that if you pick any prime number it is 

possible to find a number divisible by that prime number in 
the first Fp+1 terms.  For example take the prime number 11 
there will be a Fibonacci number divisible by 11 in the first 12 
Fibonacci numbers.  The 10th Fibonacci is divisible by 11 
making this claim hold true for the prime number 11. 

The final characteristic again deals with factoring Fibonacci 
numbers.  It states: 

 
When any Fibonacci number is factored into primes, there 

 is  at least one prime factor that has not already occurred in 
 a  previous Fibonacci number factorization [6]. 

 
However there are four exceptions to the rule above [6]: 
  F1 = 1  Because 1 is the only repeated number 
  F2 = 1  Same as above 
  F6 = 8  Because 8 = 23 and 2 has already occurred 
  F12 = 144  Because 144 = 24 x 32 and 2 & 3 have    

      already occurred 
This characteristic can be seen by looking at Table 3 that 

shows the first 14 Fibonacci numbers [6]. 
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The bolded numbers are the prime factors that have not yet 

occurred in a previous prime number factorization.  The only 
two numbers that do not have a bolded prime factor are the 
two exceptions listed above, showing that the above claim 
holds for the first 14 Fibonacci numbers. 

These five characteristics of Fibonacci numbers provide 
unique connections between the prime and Fibonacci 
numbers. 

V. MERSENNE NUMBERS 
 The Mersenne numbers are an interesting set of numbers 
often used to find prime numbers.  The Mersenne numbers are 
defined as Mn = 2n – 1 for n = 1, 2, 3...  Besides being useful 
for finding large prime numbers, the Mersenne numbers 
satisfy a Fibonacci like equation where the difference of the 
previous two terms multiplied by constants create the next 
Mersenne number.  A Mersenne number can also be defined 
as             Mn = 3Mn-1 - 2Mn-2 where M1 = 1 and M2 = 3.  This 
can be proven using algebra. 
 
Theorem:  Mn = 3Mn-1 – 2Mn-2 where M1 = 1 and M2 = 3 [9]. 
 

Proof:  Mn = 3Mn-1 – 2Mn-2  
   3Mn-1 – 2Mn-2 = 3 (2n-1 – 1) – 2 (2n-2 – 1) 
   = 3 (2n-1) – 3 – 2 (2n-2) + 2 
   = 3 (2n-1) –  (2n-1) – 1 
   = 2 (2n-1) – 1 
   = 2n – 1 
   = Mn       

 
This proof shows that the Mersenne numbers satisfy a 

Fibonacci like equation.  
 

VI. CONCLUSION 
Despite the vast differences between the prime and 

Fibonacci numbers, there are numerous connections between 
these two sets of numbers.  Both sets of numbers can be used 
to build all of the positive integers, with some key differences 

noted above.  Also, there are special numbers known as 
Fibonacci primes that have distinct characteristics relating the 
two sets of numbers.  Other connections can be found between 
the prime numbers and characteristics of the Fibonacci 
numbers.  Lastly, there is a connection between the Mersenne 
numbers and the Fibonacci numbers as they both satisfy a 
recursive equation that uses the previous two terms to 
calculate the next term in the sequence.  Thus there are 
numerous relationships between the prime and Fibonacci 
numbers. 
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TABLE 3 

Fn when n =  

 1 : 1 
 2 : 1 
 3 : 2 Prime 
 4 : 3 Prime  
 5 : 5 Prime 
 6 :  8 = 23 
 7 : 13 Prime 
 8 : 21 = 3 x 7 
 9 : 34 = 2 x 17 
 10 : 55 = 5 x 11 
 11 : 89 Prime 
 12 : 144 = 24 x 32 
 13 : 233 Prime 
 14 : 377 = 13 x 29 

Included are the first 14 Fibonacci numbers along with either an indication 
that the Fibonacci number is itself prime or its prime factorization. 
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Abstract—Inference about the population variance is prevalent 
in many analytical settings.  This is especially true in 
manufacturing and quality control applications.  Moreover, 
interval estimation can be used to conduct formal hypothesis tests 
and for providing measures of precision of point estimates.  
Assuming normality, three different methodologies, including the 
equal tail probability confidence interval, the highest probability 
density confidence interval, and the minimum length confidence 
interval can be employed to find interval estimates for the 
population variance using the chi-square distribution.  In the 
absence of normality however, it is unclear how these intervals 
will perform in terms of coverage probability. We employ a 
Monte Carlo simulation to evaluate the effectiveness of each of 
these methods under various non-Gaussian conditions.   
 

Key Words—Confidence interval, equal tail probability, 
highest probability density, minimum length, population 
variance 

I. INTRODUCTION 
HE broad use of statistical methods has permeated to 
nearly every scientific field of study as what is hoped to 

be an objective means to asses scientific findings with data. In 
many cases, researchers in these fields of study will more 
often than not assume a normally distributed population, when 
in actuality this assumption might not be warranted. This 
practice may not be unexpected though given the abundance 
of normal theory methods taught in a typical beginning 
statistics class.  Moreover, a fairly large amount of empirical 
research suggests that methods such as the t-test can be 
remarkably robust under non-normal data conditions [1]. With 
larger sample sizes, comparisons of means from multiple non-
normal populations also holds up in terms of Type I error rates 
using the standard F test with the general linear model [2].  
 While a fair majority of inferential procedures concern 
themselves with measures of location, in many settings 
researchers can find themselves interested in measures of 
spread. This is especially true in quality control settings 
whereby one might concern themselves with the consistency 
or uniformity of manufactured products or operations [3]. 
However, some authors suggest that the inference on 
commonly employed measures of spread may not be nearly as 
robust as measures of location [4]. In fact, Scheffé warns that 
violations of the assumption of normality in the realm of 

 
 

inference about the variance can be “dangerous” [5].  
Despite these warnings, the literature that we could find 

giving any empirical evidence of the degree to which standard 
methods fail was quite sparse. The one study we did find 
appeared only to test the standard methods when the data 
came from an exponential distribution and found poor error 
properties under this scenario [6]. However, the exponential 
distribution presents only a single alternative to the normal 
distribution.  In practice, one is likely to encounter a range of 
population distributions with various levels of skewness and 
kurtosis.  Thus we set out to evaluate several techniques of 
variance interval estimation under a fairly broad spectrum of 
distributional forms one might encounter in order to get a 
better understanding of the performance of these procedures. 

We start out by discussing the classical normal theory 
techniques of interval estimation for population variances 
along with a bootstrap interval in Section II.  Next we present 
the design factors considered in the study in Section III.  In 
Section IV we present our results from the simulations, and 
finally discuss the practical implications and recommendations 
in Section V.    

II. VARIANCE INTERVAL ESTIMATION TECHNIQUES 

A. Normal Theory Methods 
The three normal theory methods of confidence intervals 

are the equal tail probability, the minimum length, and the 
highest probability density intervals. Even though the equal 
tail probability is most commonly used, when the population 
is truly Gaussian, the three normal theory methods generate 
valid coverage probabilities despite yielding different values. 

 To derive any confidence interval we start by noting that 
with any random variable W with continuous distribution 
function, one can find two values, a and b, such that  

 
( ) 1 .P a W b α< < = −  (1) 

 
It can be shown that assuming population normality the 
sample statistic  
 

2 2 2( 1) /X n s σ= −   (2)  
 
follows a χ2 distribution [12]. Plugging this into equation (1) 
and performing a few algebraic operations, we arrive at the 
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probability inequality  
 

( ) ( )2 2
21 1

1 .
n s n s

P
b a

σ α
⎛ ⎞− −

< < = −⎜ ⎟⎜ ⎟
⎝ ⎠

 (3) 

                                                           
The inside of this probability statement gives us the form of 

a (1-α)×100% confidence interval for the population variance. 
Here a and b need to be chosen as quantiles from a χ2 
distribution. While there are an infinite number of possible 
values of a and b that will satisfy equation (3), there are three 
approaches that are commonly considered in this setting. First, 
an equal tail probability interval partitions the error probability 
equally on each side, such that the area under the distribution 
to the left of a is α/2. Similarly, the upper critical value,  b, is 
the value such that the area under the distribution to the right 
is α/2.  The confidence interval upper and lower values are 
given by  

 
( ) ( )2 2

2
2 2

/2, 1 /2,

1 1

df df

n s n s

α α

σ
χ χ −

− −
< <                               (4) 

 
where 2

2,dfαχ is the upper  and 2
1 2,dfαχ −

is the lower quantile of a 

χ2 distribution with n-1 degrees of freedom.   
An alternative formulation for generating an interval would 

be to select a and b such that the length of the interval is 
minimized. In other words we find a and b such that (1/a)-
(1/b) is minimized subject to the constraint that the sum of the 
area under the distribution to the extremes of a and b is equal 
to α. This type of interval is called a minimum length interval. 

A final type of interval one might consider is the highest 
probability density interval. In this case one selects a and b 
such that the area between them is 1-α subject to the constraint 
that f(a)=f(b), where f is the density function of the χ2 
distribution. Figure 1 shows the differences between the three 
type of intervals based on the critical values when the degrees 
of freedom is twenty. 

Again, all three methods will achieve appropriate 
probability coverage; however, each of the three strategies 
may yield different results, especially under small sample size 
conditions. Moreover, with symmetric distributions, all 

three approaches yield exactly the same result. One can notice 
that if we factor s2 out of the expression given in (3), the 
relative lengths of the respective intervals will be the same 
regardless of the sample obtained. Figure 2 shows the relative 
widths of the three intervals for various sample sizes. Given 
the skewness of the χ2 distribution is given by 8 /( 1)n − , as 
the sample size gets larger, the distribution becomes more and 
more symmetric.  From our figure, it appears as if by the time 
we reach a sample size of 120, the three intervals may not 
yield any practical differences.  

 

B. Bootstrap Technique 
A distribution-free methodology that has gained widespread 

use in many statistical settings is the bootstrap.  Here one 
proceeds from the vantage point that if the sample well 
approximates the population distribution, then re-sampling 
from the empirical distribution should yield a valid 
approximation of the true sampling distribution.  To 
implement this procedure, one must first obtain the actual 
sample from the population and calculate the statistic of 
interest.  In our case this is the sample variance s2. Then we 
resample n observations with replacement from this sample 
and re-calculate the sample variance on this re-sampled data 
set.  We replicate this procedure B times. Then the B+1 
sample statistics make up our bootstrap distribution.  Finally, 
to calculate the confidence interval, we simply take the (1- 
α/2) and the (α/2)nd quantiles of the simulated variances.    

The advantage of the bootstrap method is that it reduces the 
assumptions [1]. The reduction of assumptions is important 
because the more assumptions made, the greater the risk for 
one of the assumptions being wrong, possibly negating the 
outcome. The disadvantage of using the bootstrap method is 
that it would be nearly impossible for someone to be able to 
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Figure 2  Theoretical comparison of the interval lengths of the three 
normal theory methods.

Figure 1.  Critical Chi-square values for the three interval methods when
degrees of freedom is twenty. Given the reciprocal of these values enter into
the interval estimate for the variance; the larger the interval in this figure will
result in the smaller interval for the variance. 
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implement the algorithm by hand therefore the use of a 
computer would be required for any practical setting. 

 

III. STUDY DESIGN 

A. Experimental Factors 
The three factors we considered when designing our study 

were sample size, population skewness, and population 
kurtosis. For each of the factors we did three different 
coverage probabilities, 90%, 95%, and 99%.  If a distribution 
has a high positive skewness level, then it is non-symmetrical 
with an elongated tail with the larger values. The higher a 
kurtosis value is, the heavier or longer the tails will be when 
compared to a normal distribution.  

When considering sample sizes, the first one we chose was 
30; this choice was impacted by one of the most important 
theorems in statistics [10], the central limit theorem.  The 
central limit theorem states that even if you have a population 
that is not normally distributed, if a large enough sample size 
is chosen, then the sample mean will follow an approximate 
normal distribution.  Weiss stated in his textbook that a sample 
size of 30 is considered large enough to assume that the 
sample mean is normally distributed under the central limit 
theorem [10]. While we acknowledge that this theorem applies 
to the sample mean, we would speculate that a large number 
of naïve users might assume that this might also apply in other 
setting as a general “rule of thumb” for a requisite sample size.  
We also wanted to see the impact of a lower sample size on 
coverage probabilities, so we chose a sample size of 15. 
Moreover, in many settings we expect to find convergence to 
limiting distributions as the sample size get large, thus we 
doubled the sample size of 30 to get 60 observations. Finally 
we wanted to consider an especially large sample size, 
however our interval length calculation in figure 2 suggested 
that by maybe a sample size of 120, the normal theory 
intervals would be virtually identical.  Thus we selected this as 
our largest sample size.  

Micceri noted in his study of over 500 data distributions all 
containing more than 400 observations from real world 
settings, that most distributions are mild to moderately skewed 
and kurtotic [11].  To match this finding and assess these 
procedures under similar conditions we chose to generate 
distributions with skewness (γ1) of 0, 0.5, 1, and 1.5, and  
kurtosis (γ2) of 0, 1.5, 3, and 6. In total then we considered 
4x4x4=64 simulated data conditions.   

 

B. Data Generation 
 To conduct our Monte Carlo Simulations we used the R 

statistical computing environment [8] on a windows platform.  
Code was written by the authors (see appendix) to implement 
the simulations. Based on Fleishman’s procedure of power 
transformations on polynomials [3] we were able to generate 
populations with specified skewness and kurtosis.  
Fleishman’s procedure provides advantages such as allowing 
the computer to generate the distributions efficiently and the 
generation of different distributions would not require 

different subprograms [3].   
For each skewness and kurtosis condition we generated 

10,000 samples of size n  with zero mean and variance of 1. 
For each sample we generated confidence intervals with each 
of the three coverage probabilities using the four methods. For 
the bootstrap method we re-sampled 1000 times to get the 
requisite sampling distribution. If the interval trapped the true 
population variance of 1, R recorded it in order to calculate the 
coverage probabilities. We then compared the coverage 
probability and the expected coverage probability to see how 
well each method performed.  For example, using a 95% 
confidence interval for the equal tail probability method with a 
sample size of 15 and a skewness and kurtosis of zero, the 
confidence interval trapped the true population variance 9,473 
times out of the 10,000 attempts.  Thus the coverage 
probability is 0.9473.  The expected coverage probability with 
a 95% confidence interval is 0.95 because we take one minus 
the confidence level times the number of attempts, 10,000, 
which gives us the number of times that the true population 
variance was expected to have been trapped.  We then take 
that number and divide by the 10,000 attempts to get the 
expected coverage probability.   

IV. RESULTS 
The results of the simulations were found to be quite similar 

over the three different coverage probabilities, thus we present 
the results of the 95% intervals here for brevity. Under a fairly 
large portion of the simulated conditions, the procedures 
looked at here performed poorly under non-normal data 
conditions. In fact, the third quartile of all of the empirical 
coverage probabilities was 88.6%. The empirical coverage 
probabilities for each sample size, skewness, and kurtosis 
excess considered are displayed in figure 3. 

From the graphic, it appears as though in large part, the 
skewness of the underlying population had minimal impact for 
the three smallest values considered (i.e. γ1 = 0, 0.5, and 1.0) 
across all levels of kurtosis and sample size.  Moreover the 
effect sizes for skewness when entering the probability 
coverages into a linear model were quite small compared to 
the rest of the factors with all four interval types.  

  On the other hand, it appears as if the population kurtosis 
has the greatest impact on the probability coverage for all four 
interval methodologies. Increasing the kurtosis resulted in 

 

 

TABLE I 
EFFECT SIZES ( 2η )OF EXPERIMENTAL FACTORS 

Factors 

 
Equal 
Tail 

 

Highest 
Density 

Minimum 
Length Bootstrap 

  Kurt 81.6 76.3 73.2 4.3 
  Skew 3.9 2.6 7.8 17.9 

  Sample Size (N) 5.5 11.0 5.6 48.3 
  Kurt by Skew 3.5 2.1 7.9 19.8 
  Kurt by N 0.9 2.0 0.7 5.7 
  Skew by N 1.2 1.7 1.3 0.6 
  Kurt by Skew by N 3.4 4.3 3.4 3.4 

Percentage of explained variation of the empirical probability coverage of 
the 95% intervals entered into a linear model including each experimental factor 
and their respective interactions.   
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lower probability coverage in general. Average probability 
coverage for the largest kurtosis excess of γ2=6 has values 
from 68.4% with the bootstrap intervals in the n=15 case, to 
roughly 70% for all three normal theory intervals in the n=120 
case. The normal theory intervals all had kurtosis effect sizes 
above 73%, relatively dominating all other factors. 

Within the normal theory intervals, the Highest Probability 
density intervals generally outperformed the equal tail 
probability and the minimum length intervals. Moreover, 
when the kurtosis was zero with small skewness, all three 
intervals attained empirical coverage probabilities quite close 
to the nominal 95% rate. Interestingly though, in the non-zero 
kurtosis condition, as the sample size increased, the coverage 
probabilities went down. 

The bootstrap interval performed quite poorly under the two 
small sample size conditions obtaining its largest coverage 
rates of 83% when n=15, and 88.6% when n=30. On the other 
hand, in the two larger sample size conditions, the bootstrap 
procedure generally tends to outperform the normal theory 
intervals whenever the kurtosis is not zero. 

Finally, for the sample size of 120, when looking at the 
equal tail probability and the highest probability density 
methods figure 3 shows that they seem to be nearly the same. 

V. DISCUSSION 
It would appear that our results have indeed confirmed 

Sheffé’s warning about the use of normal theory interval in the 
presence of non-Gaussian data conditions. Researchers 
interested in conducting inference about single population 
variance measures must pay careful attention to the type of 
distribution expected. With the low coverage probabilities 
observed in this study, using the types of interval estimates 
considered here to conduct a formal hypothesis test could 
likely result in a very large inflation of a Type I error rate. 
This in turn could lead researchers erroneously down future 
lines of work that might lead to no avail.  

Recommendations for researchers will clearly depend on 
the knowledge one might have about of the type of 
distribution that is likely to be encountered. In the absence of 
any prior information, the use of the bootstrap interval might 
well be recommended when considering a study likely to 
employ larger sample sizes. With the smaller sample sizes, the 
highest probability density interval seemed to perform the 
best. This is probably likely due to the fact that this interval 
also happens to be the largest of the three normal theory 
intervals. It would seem logical that if a distributional 
assumption is in fact incorrect that the largest interval would 
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Figure 3.  Results of the simulation for the 95% coverage probability intervals.  Rows show the results by various sample sizes.  Within each cell, the four
lines represent the four different skewness levels usen in the simulation.    
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be likely to perform best. However, what we did not concern 
ourselves with in this research was if there is some possibility 
that the interval methods might be more likely to find either 
larger variances or smaller variances. Whereas with the equal 
tail probability, the expectation would be that the number of 
times the interval fails to trap the true variance because it fall 
below is the same as the number of times it fails because it fall 
above, this is not likely to be the case with the other two 
methods.  

The fact that the normal theory intervals performed worse 
as the sample size increased seems initially counter intuitive. 
While figure 2 seems to demonstrate that in fact the intervals 
become more precise (i.e. smaller) as the sample size 
increases, if in fact the distributional assumption is violated, 
the increase of precision comes at a cost of losing control of 
the error rates.  

Our work could well be expanded into the comparison of 
two population variances. In this setting, there are several 
alternative nonparametric procedures that can be used. It is 
likely that the same sort of problems encountered here will 
show themselves in this new setting when the distributions 
considered start to deviate further away from the Gaussian 
ideal. Thus an empirical study could well provide some insight 
as to which type of procedure could be recommended in order 
to maintain the best inferential validity. 
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APPENDIX 
Below is the code written in R for one of the simulation 

conditions. The other conditions can be generated simply by 
changing the first three parameters of the code. 

 
###  Start Code 
nn <- 30  
skew <- 1 
kurt <- 1.5 
  
iter<-10000 
 
fleishtarget<-function(x,a){ 
  b  <- x[1] 
  cc <- x[2] 
  d  <- x[3] 
  g1 <- a[1] 
  g2 <- a[2] 
  (2 - ( 2*b^2 + 12*b*d +g1^2/    
  (b^2+24*b*d+105*d^2+2)^2 + 30*d^2 ) )^2 + 
  (g2 - (24*(b*d+cc^2*(1+b^2+28*b*d)+d^2*  
  (12+48*b*d+141*cc^2+225*d^2)) ) )^2+ 
  (cc - (g1/(2*(b^2+24*b*d+105*d^2+2)) ) )^2 
} 
 
findbcd<-function(skew,kurtosis){ 
  optim(c(1,0,0),fleishtarget,a=c(skew,kurtosis), 
  method="BFGS", control=list(ndeps=rep(1e-10,3), 
  reltol=1e-10,maxit=1e8)) 
} 
 
rfleishc<-function(n,mean=0,var=1,skew=0, 
kurtosis=0){ 
  bcd <- findbcd(skew,kurtosis)$par 
  b   <- bcd[1] 
  cc  <- bcd[2] 
  d   <- bcd[3] 
  a   <- -1*cc 
  return(c(a,b,cc,d)) 
} 
 
cof<-rfleishc(nn,0,1,skew,kurt) 
 
 
chisq.cv<-function(conf,df,type= 
c("equal","hpd","minlen")){ 
  alpha <- 1-conf 
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Abstract- The battle between censorship advocates and rappers 

rages on in America. Are the censorship advocates right in 
claiming that rap has gotten dirtier, or are they making 
something out of nothing? Here we look at the lyrical content 
from the rap songs that have topped the charts over the last few 
years to determine the answer to this question. Looking at the 
statistical significance of these lyrics could finally bring an end to 
the debate over the lyrics of rap music. Two opposing sides go in, 
and one side will eventually be vindicated. Which side will it be? 
The numbers will decide. 
 

Key Words—Swear Words, Rap Songs, Lyrics, Obscenity 

I. INTRODUCTION 
NE of the most hotly debated topics over the last fifteen 
years in the united States is the topic of censorship in 

music. While at one point in time the mere use of the word 
“damn” was deemed to be a hell-worthy offense in musical 
lyrics, the door has since then flown open, with obscenities 
filling the airwaves. Today activists that cross political and 
social lines have found a common cause because they feel that 
rap music has gone too far. Jerry Falwell, Tipper Gore, and Al 
Sharpton are some of the most avid fighters claiming that rap 
music over the last few decades has become too obscene. But 
has it really gotten that bad? 

II. SONG SELECTION AND SWEAR WORD SELECTION 

A. Song Selection  
In order to look at how bad or not the lyrics of songs 

actually are, we needed to examine how song lyrics have 
changed over time. When deciding what songs to use it made 
the most sense to compare the top rap songs from last year and 
similar songs from years prior to that. We decided to compare 
the lyrics of the chart-topping rap songs as rated by Billboard 
for the year of 2007 and 1997. 
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B. Swear Word Selection 
Unsurprisingly, exactly what should be considered obscene 

is just as hotly debated as the issue of obscene material in 
music. The FCC has a long rational basis test of what can and 
cannot be played on the radio. This is because certain words in 
one contextual instance can be raunchy and obscene while in 
another they can be completely innocent.  For example, “Over 
my HEAD” versus “I was getting some HEAD” are two 
examples of lines from popular songs today in which one use 
of the word head would be censored and the other left alone. 

 
The criteria we decided upon to judge words as obscene or 

not were the following: 
 
1. Any swear word worse than “hell” or “damn” was 

considered obscene. This included the Seven Dirty 
Words found on the FCC website which you cannot 
say on T.V. or radio. 

2. Sexually explicit lyrics were not allowed. If a word 
was sexually explicit, meaning describing or 
referencing a sexual act, it was deemed obscene. 

III. STUDY DESIGN 
To compare the lyrics from 1997 and 2007 we took the top 

22 songs from each year. We then copied the lyrics and read 
them word for word, sentence for sentence, counting the 
number of obscene words in each song.   

 

A. Preliminary Data Collection 
Before we could look at the number of swear words in the 

songs, we obtained the songs and the lyrics to be examined. 
The songs were selected by checking the record at 
Billboard.com and choosing the 22 top-rated songs for 2007 
and for 1997. The lyrics for each song were obtained using 
online lyrics databases that contain the lyrics for nearly every 
song ever recorded.   

 

B. Primary Data Collection 
Using the standards decided upon earlier, we read through 

all of the lyrics and picked out the swear words in each song. 
After finding the number of swear words we then standardized 
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our data by calculating the percentage of swear words out of 
the total words in each song. This corrected for any bias that 
might originate from longer songs containing more swear 
words than shorter songs. The results are shown in the 
Appendix. 

C. Data Analysis 
The difference between the median percentages of swear 

words in 2007 and in 1997 was 0.843267. To see if that 
difference was significant, we tested the null hypothesis that 
there is no difference in the median percentage of swear words 
found in songs from 2007 as compared to the median 
percentage of swear words found in songs from 1997.  

We analyzed our data using medians rather than means to 
avoid the problems associated with possible outliers in our 
data. We wanted to test the significance of the difference 
between the median number of swear words in songs from 
2007 and songs from 1997. We used the resampling method to 
create a theoretical difference of medians from which we could 
calculate our p-value.  

Thus, the swear word percentages of all 44 songs analyzed 
were put into a single resampling pool. One thousand 
resamples of 22 songs were then drawn, with replacement, 
from this pool for both 2007 and 1997. The medians of these 
1000 resamples were calculated, and the differences between 
the medians were also calculated. The 1000 theoretical 
differences between means represented the possible differences 
that would result randomly if there were no difference between 
the swear word content in songs from 2007 and songs from 
1997.  

We sorted the randomly generated medians in order from 
smallest to largest, and created the graph below (Figure 1). 

 
What we were really looking for here was the two-tailed p-

value representing the probability of getting a difference larger 
in magnitude, or farther away from zero, than the actual 
difference obtained from our raw data. This is shown by the 
arrows in the figure.  

IV. RESULTS 
The two-tailed p-value obtained from our resampled 

distribution was 5.8%. This p-value is not small enough to be 
significant at the 5% significance level. Thus we cannot reject 
our null hypothesis, and we cannot say that rap lyrics today 
contain a different percentage of swear words than those from 
ten years ago. However, our result is in the “gray area”, 
between 1% and 10%. Indeed, had we chosen to do a one-
tailed test, we would have been able to reject, at the 5% level. 

V. DISCUSSION 
In this study we set out to find if the lyrics of rap music have 

become more obscene over the last ten years. The results from 
the lyrics that we looked at still leave us scratching our heads. 
While it would appear that lyrics have in fact gotten worse by 
looking only at the large difference in median swear word 
percentage between 1997 and 2007, the p-value we obtained 
was not small enough to be deemed significant by a statistical 
analysis of the data. However, the closeness of the p-value to 
statistical significance suggests that this topic warrants more 
in-depth study. Perhaps by examining more songs and further 
comparing the differences between other years, one could find 
a clear distinction between lyrics from then and lyrics from 
today. Until then, the world may never know the truth of the 
matter, and the debate over the censorship of rap lyrics can 
continue. 
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Figure 1. The distribution of differences between the 1000 randomly 
sampled medians. The number 0.843267 is the difference between the 
actual 2007 and 1997 medians. Thus the plot area in the direction of the 
arrows represents the two-tailed p-value that must be less than 5% in 
order to be considered statistically significant.  
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Kharbush and Custer – Obscenities in Rap Music

APPENDIX 
 

2007        1997     

Song  Artist 
%Swear 
Words    Song  Artist 

%Swear 
Words 

Shawty  Plies feat. T‐Pain  2.49    I'll Be Missing You  Puff Daddy feat. Faith Evans  0.00 

This is Why I'm Hot  Mims  1.13    You Make ME Wanna  Usher  0.00 

Party Like a Rockstar  Shop Boyz  1.53    Mo Money Mo Problems  Notorious B.I.G.  1.03 

Walk it Out  DJ Unk  2.13    Hypnotize  Notorious B.I.G.  2.45 

We Fly High  Jim Jones  1.59    Ghettout  Changing Faces  0.28 

Runaway Love  Ludacris feat. Mary J. Blige  0.00    Da Dip  Freak Nasty  0.00 

I'm a Flirt  R. Kelly feat. T.I. &T. Pain  1.85    Lil Kims Dirty Ass  Lil Kim  7.78 

Shorty Like Mine  Bow Wow feat. Chris Brown  0.24    See You When I Get There  Coolio  0.00 

Make it Rain  Fat Joe, Lil' Wayne  4.24    Smile  Tupac  1.91 

Pop, Lock, and Drop it  Huey  0.35    Rock The Party  P.O.D.  0.88 

Rock Yo' Hips  Crime Mob feat. Lil Scrappy  1.60    My Baby Daddy  B Rock and the Biz  0.00 

Throw some D's  Rich Boy   5.64    California Love  Tupac  0.00 

A Bay Bay  Hurricane Chris  0.00    Hey Lover  LL Cool J  0.00 

Big Things Poppin'  T.I.  3.33    Loungin  LL Cool J  0.26 

2 Step  DJ Unk  0.80    Gangsta's Paradise  Coolio  0.00 

Wipe Me Down  Lil Boosie  4.04    No Diggity  Blackstreet  0.38 

That's That  Snoop Dogg feat. R. Kelly  3.83    1234  Coolio  0.63 

Sexy Lady   Yung Berg  0.85    Woo Hah!!   Busta Rhymes  2.10 

Stronger  Kanye West  0.97    Elevators (Me and You)  Outcast  2.06 

Go Getta  Young Jeezy  1.31    Get Money 
Junior M.A.F.I.A. and 
Notorious B.I.G. 

9.56 

Good Life  Kanye West  1.43    Keep On Keeping On  MC Lyte  0.74 

Hood Figga  Gorilla Zoe  5.68    Po' Pimp  Do or Die feat. Twista  3.62 

             

  Median percentage  1.53      Median Percentage  0.68 
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